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CFI'H'ITJIWF'[ Integrals)

¢ Just as a mountaineer climbs a mountain — because it is there, so

a good mathematics student studies new material because

it is there. — JAMES B. BRISTOL <+

7.1 Q{&IT:F[ (Introduction)
Fehel TV 3fefhersl i HehoUdl T Shigd &1 el o
amerEl o fau woel et aRaifig 9 ) 99en i 39
YR i @B I JAUrAT &1 TR Al Adehars oh
foTT Tet SITHURYT | FHTeher TG, Hei o ofieid | R
& o &Fhd i URWIUd HH TS TER &R H
Reher T 1 THE ¥ Ui 2

Ift t woH £ R A [ H ek § stufq
I o Yoieh foIg W e o Taeherst £/ o eI §, o
Tk ifas 99 Sl @ T A 1% yde g W of7
fean gam © o 9 &H e £ A Y Gehd 82 9 Tt o
S8 B Uh el Sk STaehers! o ®9 H Wi g €, 39
Her o gfqeTeshers (TET) wEed §1 SR 9% I e

G .W. Leibnitz
(1646-1716)

3 gl yfasterhers! WIw Bid §, el b1 A= THher Shedrd ¢ 3R gfdetaeherst
T FE FT TS YHH AT HET FEdl &l 39 YHN h1 I 3 RN
el o et €1 Sere: At e fRet e W fereht ag 1 arcerfoies o @ @,
A Tfas 99 Ie Seal ¢ T o Bn et e W 3E o 1 frefa 9@ e g
27 T8 YN 1 3 SAERINS To Hglfash qrfeefaal st &, S8l qeher 1 |ieman
fHfed el 81 gHeher T 1 TR Fefeiad YehR 1 THES o g H o

Y T UfaEd 7

(a) IR TH e &1 AdFHS A &, A 3T Hed i A0 A i GHET,
(b) Tafe=a gfaaen o raTia ®wod o i@ @ R &3 &1 &i5%a A1 &

H g
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ITE S T GEIehe o < Tl i 3R YR et €, eAfivea aHeher we
e Fameher| 37 aFl o1 GiHfed &9 THRe O e Bl

Affe=a gurher T fYed guehed & A % e ® S Fed S R
TG o ®Y H ST S 2| T8G9 Ty Heher & fomm we sAfvEitent & ferg
T SAEeeh NS o &9 § J9) Hdl | stefores, foam ud wifeehar 19 fafa= &=
T 3HF THR i gl GEEed &l 8 i o fau ot ffy=a sqehe &1 syam
ERIRS IR

Y ™ H, B9 T 3Tkl AMR=d T Y= aueherl 1d 9Hehed S 59
fafue wfed 3o IRfaw TuiHl o steed 9@ Hifaa @l

7.2 GHTREAT I 3TThHAT h ehH UohH % ®q ( Integration as the
Inverse Process of Differentiation )

R o Ik YehW 1 HTHTH wed 7| fhHl Hel 1 Taher A1d HT & TH
W Y W T STasherst (591 gl € 3R SUeht AT 31eiiq andfash Wl 1 % ok
AT et T R1 I YA U 1l Yfd- STk HEad ¢

aTey, FrefafEd Ssewn W foeR &+,
B W4 € TR %(sin X)=cos x (D)
i(ﬁ) " W 2
e\ 3 =X .. 2)
3R i(e") = e .. 3)
dx

29 Uferd i © foF TR (1) § W cos x BT sin x 1 Sfaehalsl 81 39 &H
39 YR 4t Fed B ToF cos x 1 UfdsTashers (31¥@l THREH) sin x 21 3H THR (2)

3
Qﬁf(s)@xzaﬁwxaasrﬁmawa(awww)mz%aﬁw e B T

e Fd € R ot oft arafass e ¢, 98 =R wer 91 S 2, 1 s
2, 3R 3@l &9 (1), (2) 3R (3) = frafafed &9 ¥ faw w2

3
d
4 sinx+C)=cosx, L (10 =R L (" +C)=¢"
dx dx 3 dx

TH THR B9 2Wd § Toh SUga worl o Yideraeshers SUdl SHishe Sitgdid
TET €| a%A: 3 Herl W ¥ ok el oh STIRid glaetaeshes 8, TR g9 et
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FEE o qY=ad ¥ e 3= C ] g HH YaH Hich W Y Hehd | T&T HRol
2 fF C ol JUHUR @3 3R ®ed 81 a&d: C U Wt 8, forqer 7 o1 ufkafda
F%eh g9 XU g Wer o faf= gfastashersil o1 Gurehal shi 9T hid €1 SATeha: Ak

T Hor Fua @ fh %F(x)=f(x),vxel(wﬁma@13ﬁaﬂm)aﬁm

& o C, ¥ f %[F(X)+C]=f(x),xel

T YR {F+ C, C e R}, f o Wfdemaeshesi o INER i =5e &idl €, Sl C
TR 1 3TeR FHead 2l

fEoruit SHM STl ofdl HelHl § Wk 3TeR 1 3fa) 2idl 21 36! Ui o fou, 9
ST g 3T 4 UW & Her ¢ Tooh etoeherst el 1§ §AME €
f@) =g () —hx), vxe Ig/ qRAMd wed f =g — h R fa=r FifSw
@ _

a dx
JAYE f'(x) = 0, vx € I (ARSFew 9)
A 1 H xoh WUE £ o TReRA Hi R I ¢ AR AT £ TH TR 2

Iuert oot o erqER =78 fepd e =maEd @ ff 9Rer {(F+C, Ce R},
f o Gt wfasEeshers 1 YSH i 2

379 B Teh ¢ Fedieh 9 IR € € S o wisreehersii ob U oReR i Frefia

78 Wl [ f(x) dx ¥, T xF W £ H1 SR WHERCR % w9 § wel S ¢
‘;I'cﬂih_d:%'qj‘f(x)dx=F(x)+CfFf@ﬁ%|

=g -1 ¥ fO=g¢g ®-KEx vxe I 2

Heraw fea gen € & %=f(X),a“r%qy=jf(x)dx1%1@ﬁ%l

gfawn & fau ga ffafea gdienl/agi/amemen & 39eh 31eff dfed WRof 7.1 |
SoclfEd 4 B

w71
Ydiieh,/Ug /TSR 9T aret
jf(x)dx f 1 x % WO GHHEA
[faaxd rw FHIRE
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jf(x)dxﬁ'x R I =R
HHTh T <h Tl HHTheld ATd <h Il
o1 HHEREA T&h %ed F e fag
F(x) =f(x)
TR Hisha IR 1 Y 1 ThH
YA h1 TR FE off ardfas gen 9 sTeR
T HEd 2l

&0 Tedl 4 & 9gd ¥ 4@ el o STdehersl oh g S 21 3 Gl o W4 gH
THIHTA & W0 Go bl @7 foae gehd €1 5 g g 6 g fefated €
T9eR1 I9ART 89 TR Ferl o GHRTH! i I H H R

3TdehetST Derivatives HHIhAT (‘J’FCTW)
Integrals (Antiderivatives)
d xn+1 xn+1
i) — =x" " dx = +C, n#-1
@ dx[n+lJ * Ix ! n+1 "
faftre &9 & 70 @d ©
d
—-(x)=1 [dx=x+C
.ood . .
(i) — (sin x)=cos x jcosxdx=51nx+C
dx
(iii)y — (—cos x)=sin x jsinxdx=—cosx+C
dx
. d 2 2
(iv) —(tanx)zsec X jsec xdx=tan x+ C
dx
d 2 )
V) —(—COtx)zcosec X jcosec xdx=—-cotx+C
dx
(vi) d—(secx)zsecxtanx jsecxtanxdxzsecx+C
X
. d
(vii) d—(—cosecx)zcosec X cot x Icosecxcotxdx=—cosecx+C
X
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(vii) E(sm 1x)= —
d _ 1
(%) E(_COS 1x): —
d _ 1
() 7 (™" x)=—
d _ 1
(i) gy (oo %)=
.. i(sec_lx): !
(i) gy x\/ﬁ

d I
(XiiD) g x\/ﬁ
(xiv) %(ex)wx

d

dx

Cdfa ).
(xvi) dx \ loga

1
(xv) —(logl+f) =~

d
J. a =—cos ' x+C

1-x°
j dxzztan_1x+C
1+x
j d 2=—cot_1x+C
1+ x

d

a =sec” ' x+C
xAJx —1

dx 1

=—-cosec” x+C

J.x«/xz—l
.[exdxzex+C

jldx=10g|x|+C
X

X _ ax
_[a dx = log

+C

T H W UM 9 a1 Tos el i foed fafee o
Rt & qenta fereht oft faftre gev o ded o s i oM | W =y

7.2.1 erffyera qarehert o =352 gwan‘ (Some properties of indefinite integrals)
T 37 Ufee] H g9 Aff=d aHehed & 9 TUIEE Sl A |
() Frefafaa aRom o gl # oo U6 THehe & T U T o fohH ¢

e ds=fe

3R [ /@) dx = f(x) + C, R C T @ a1k 2
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(1)

i
suuf AF <A 6 F, o1 T dfaeraeert € eteffq
%F(x) =f(x)
ar [f@dx =Fe) +C
wafere L[ f@dr = L (Fe+0)
dx T dx
- LF@ =/
T YR BW @d © T
f’(@:%f(x)

&R Tgfeg [r@ade =+

ST C Toh W= =X 8 T8 oo 371 Fed ol
19 T sifAfyed GarRer ok sTahors 9 @ 9! o T & IRER i 9Rd
F T 3R 3@ YhR e €

suufe 7 wifSe s we e T8 werd & o

L rewae= S fgwa

g @ [gwa]=0
a7 Jredx—[g @) dy=C 5= C s amdfosw wem 21 (Fi?)
YT J‘f(x)dx='|-g(x)dx+C

Tty @ % wRER {[ £ dr+C,,C eR}

Ll {[eedx+C,.C, eR} wogea #
ELSIELS '[f(x)dxaﬁ'{'[g(x)dxw%l
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?f RIECIn {If(x)dx+C1,CleR} T {Ig(x)dx+C2,CzeR} EQl

TAGEA FI GATER [ f(x) dx = [ g(x) d, Fereert srek F3d & fomd wret
i & 2l

i) [0+ g0]dr=[f00de+ () dx
suut qorEd (1) 9
%[J.[f(x) +g(x)] dx]:f(X)+ g(X) (1)
e &6 9 € R

d d d

Jr@an [sax]="[f@dv+ - [s@dx = f 4800 . )
30 R o (i) % el # (1) @R (2) ¥ W Ea e
[(F@)+g() dx=[ fx) dx+ [ g(x) dx

(iv) TFEt arafas @k, & fau jkf(x)dx:kjf(x)dx

suufa Tored (i)gmdijk f) de=k f(x)
X
st k[ a] =k [ oo de=k foo
dx dx

Tafer U (i) BT ST B g W U € R [k f@) de=k [ £(x) dx

(v) WO (iii) 3R (i) T £, f,, ... £, Bl w1 Ffeeq gen iR arefas wemnsik,
ky, ... k o foTT oft saTOeRIsRw foRar ST @ear & S A femn mn @

[l A +kfo (0 + .k, f, ()] dx
= k[ A dx+ ko [ fo () dx+ .+, [ £,00) dx

feu g e 1 UfdeTaherst T1d & o folu gn oidqie | T Weld &1 @il $hid
& ToTeenT eraenersl 5o gt e €1 s el &1 30 YohR &1 @is, S U g¢ e
o Ufd TS A0 I o fau # S €, i R gR geehed ded ) 3w
FS SN Y T

Reprint 2025-26



242 Tiford
sareror 1 e fafy =1 ST #d g fFefafad et @1 gfaeTasherst 9 hifag)
(1) cos 2x (i) 3x*+4x3 (iii) i,x;tO

&l
(i) 9 Tk UH e shi @ISl T Hed € ekt 3Taswest cos 2x €

. d
B9 S © T —- (sin 20 =2 cos 2x
X
1 d i i[lsinbcj
YA cos 2x = > dn (sin 2x) = el

1.
3T cos 2x 1 Teh FfasTasharst Es1n2x 2l
(i) B TH UH HoH HI @S HET AEd © TSR Shes 3x” + 4x° Bl
d
A d—(x3+x4)=3x2+4x3

X

AT 322 + 4% 1 HfGSTaRaS 2 + »* B
(i) &9 S ®

4 togx)=L, x> 08 L flog (~x)]=—(~1)=1,x<0
dx X dx X X

= i e e o  E (logh]) =~ x %0

o [~ ds=log | , S fr + 3 St § 3 7 &
sareor 2 frefafed gaerel i T ity

3_1 2 g 1
Q) [ @ [ +har (G J(X3+2ex—;)dx
3
_[x z_ldx=.|‘xdx—.|‘x*2dx (ot v )
x

x1+1 x—2+1
= +C | 577G | €, C, T o €
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_~ +Cc,-Z—_C
R
2
X 1
=~ +-4C -C
2 1 2
x2

1 .
S+ +C SR C=C,-C,TF & Fhert TR T
X

243

| oot | so@ o ww Shee sifon ST H &, Tk wHeReR SR farel

(i) =&l
J.(xi +1)dx= J.xi dx + Idx

2 .
_= +X+C=§x5+x+C
2
E
3

(iii) Zlﬁj.(x;+2ex—i)dx=‘|‘x; dx+J.2exdx—J.idx

24

x2

= —+2ex—10g|x|+C
3

41

W

x2+2e" —10g|x|+C

Ul|l\)

SaE0T 3 frAfafad aeherl sl A9 iy

(1) j(sin X +cos x) dx (i) jcosec x (cosec x + cot x) dx

—s1nx

i |-

COS X
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&
(i) =&
j(sin X+ CoS X) dxzjsin xdx+ jcos xdx

= —cosx+sinx+C
(i) =&T

I(cosec x (cosec x +cot x) dx = Icoseczx dx+ Icosec x cot x dx

= —cot x —cosec x +C
(i) Tl

Foaar 4]

1 sin x
5 dx — .[ 5 dx
cos x cos x

=Iseczx dx — Itan xsec x dx

=tan x —sec x+C

SETETUT 4 f(x) = 4% — 6 R URTNG HeH £ H1 WfdeTashersl F A SIfT St
F(0)=37%1

TA f(x) H TH G SRS ¥ — 6x B

% di(x4—6X) = 4x° — 6, TGfaQ qfastashers F,
X
F(x) =x' — 6x + C, 5N 27 & &1 C 3= 2|
fean gen 2 F(0)=3
=Y I Bl 7 3=0-6x0+C
F1era Cc=3

aa: ervfiee gfdetaenet, F (x) = x* — 6x + 3 R R« Tk aafgdia wed 2|
fewuit

() =9 %Ed § fF afe £ o ufaeaserst F2 @ F+C,SE C U =R ¢, 0 f &1
Teh UfdeTaRes 81 39 YR ARG eH Her f i T Sidetaeshes F 3@ € df g
FU &g ff 3=R Seat f o 3d gfasteshas fo@ & ¢ = F (x) +C,
Ce R% &9 ¥ 3ifered fvan S @bl 21 3w # GmM=ma: T eifafie
Hicisel Bl T AT OIS Bl © FTEd C o1 Teh fafyre o wrw giar @ 31k
fraeh aftomreaey XU gy wor &1 U fgdia sfasasdes W e 2|
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(i) - Fepl TRATH Ferl S9 foh U, SFoeh 4, =R Sl Bepomfidia,

3R yfaem Frerfd, sanfs & &9 § sifiered o3 o76Yd el ¢ SafeT
[ £(0) dx 5 w0 st @ S R1 SarEo: File ol @ [ dx i T

FHET STHYE ¢ Fifr T 9 g9 U9 W T T8l Y Hehd FSdeht steeherst

e R

(i) A THTR T =R x, o AN 31 HIE T @ GHHEH o g IR SR

L foru S €1 S

4+1

J‘y4 dy=y

+C—1y5+C
441 5

| ot 7.1 |

frafafad w5 gfaetamas (FHera) e fafy g I s
3. e¥

1. sin2x 2. cos 3x
4. (ax + b)? 5. sin 2x — 4 &*

frafafaa TamereHl = Fa i

I
6. Jaersnax 7 [FU-—)dx
X

2
9. [@+edr 10, j(\f—%} dx
X

J'x +3x+4

dx 13. J‘x—x+xl

15. j&( 3x% 4 2x +3) dx

17. j(2x2 —3sin x + 5vx) dx

2
SeC™ X _ 1
| dx 20. j2 sinx

19.
cos” x

008602 X
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14.

16.

18.

J‘(atx2 +bx+c)dx

2 +5x2 -4
[——

dx

[ x)Vx ax

j(2x—3cosx+ex)dx

jsec x (sec x + tan x) dx
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U9 21 UE 22 H GEl S T FI9 HifC:
1

21. (\/;JF—J 1 YidsTashars 8:
Jx

IR 2 21
(A) §x3+2x2+C (B) §x3+5x2+C

31 33 11
(C) =x*+2x2+C (D) =x*+=x2+C
3 2 2

22. aﬁ%f@)ﬂf—%ﬁmﬁ fQ)=0d f(x)=:
X

4 1 129 ;1 129

A) *+s-— (B) * g+
X 8 X 8

. 1 129 ;1 129

©C X t—=t—— (D) X +—F——F
X 8 X 8

7.3 HHTohe okt fafemEt (Methods of Integration)

froct ufest § T U9 Sohel &t == i off, S F® ol o Taskhalsl 9
T W fhT T Tohd &1 98 FRieon R enenfia fafy of, sod W& wod Fai
G 1 St © FSTeeht STeeherst £ 8 SHE f oF WHIho 1 Wik gl ¢ qenfy fieo
W UG 98 fafer aeh werl shi feorfd o sgd Sfed =&l €1 37 : SHIeher! shi Wt
w9 AR B g S AW R e s e e e
sTEvIRdl 81 3 g fafeml frefafeaa w enarfa 2:

1. YfqeA9" R HHIheH

2. et fa=i | foeiism g wmhe

3. @S FHERA

7.3.1 GfaeamaT gRT @HTeket  (Integration by substitution)
39 37 st # B0 wfaemed fafy g weehed W foaR w31 W|aT Roa & ¢ H

ftafiid F ok I 3= g () Tt B g R T wEEe [ f(x) dx F 3=
wq § yfafda fean s g 21

1=jf(x)dxm1%|aﬂaﬁﬁm
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d
5 x = o(r) WiENTE AT AR 7: =g'(1)
BH dx = g'(t) dt fTaaa 2l
T TR L= [f(x)dx=]r{g®)} g (t)dr
JiqEATI 5 HHhe o fu 98 =R qRedd &l 3 TR I 3Tasd T Heegul
e 21 START GRRTT S €I SHeRT STHM oRTHT gH9T Heequl €1 HHT=Id: 8H T

T Hed o Tou gfaeen T & & TSEeT sfaeshers o garhed o Gimfod o, sar fe
frefefaa Sl g e fhar o 2l

IEEI0T 5 FAfafEd ® &1 x o 98T GHeh Sifsg

4 2
tan” v x sec \/;

(i) sinmx (i) 2xsin (2 + 1) (iii)
Jx

) sin (tan~! x)
R
&l
() BF S € T mx 1 SThelsl m @1 3T: BH mx = ¢ WRAOH i &, i

mdx = dt

. | 1 1
THfTT J.smmxdx:—.[smtdt =—-—cost+C =— —cosmx+C
m m m

(i) x>+ 1 1 STerhersl 2x 81 3Td: BH X2 + 1 = ¢+ b FIqEATT 1 STAIT Hid B dlfeh

2x dx = dt

wafen [2xsin o +1)dx=[sintdt = —cos1+C =—cos (+ 1)+ C
N ,
(i) fx T SRS 2\/;%343.%14

Jx =t % YfGEA9 w1 STEN N 7 R 2\1/7dx=dt 599 dr =2t dt
X
I el € |

) J-tan4 x sec? \/x dx_J-tan4t sec’t 2t dt

Jx t

= 2jtan4t sec’t dt
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@iv)

@

(1)

Tfora

R § 70 0 9RE9A tan £ = u & & e sec? 1 dr = du

5

ESIGY 2jtan4tseczt dt=2ju4 du = 2%+C

\®)

= Ztan’ 1+ C (i u = tan 1)

9}

Z anS\/_+C(<'>Rm%Ft—\/_)

Ul

:J-tan4 xseczx/;dx
Jx
faeheua: tan J}:tuﬁwmaﬂm

=%tan5x/;+c

tan™"x 1 SFTHCS 7 2%|3Tcr B tan x = + TITEATTT 1 ST L & ik

dx

1+ x° = di
t

stm(an x) Ismtdt —cos t+ C=—cos (tan"'x) + C
1+ x7

9 TH FP Hedqul Gkl o eRividia werl sk SR grHiTeR
TreReHl 1 ITAN fgeemed fafy § fean e 8, | == w9 Bl

Itan X dx=10g|sec x| +C

sin x

BT U %ﬁFItan xdx= Icos . dx

cos x = ¢, Ufqeenfud ST a1feh sin x dx = — dt
a4 J.tanxdxz—j%z—logM+C=—10g|cosx|+C

37 Itan xdx=log|sec x|+C
jcotxdx=10g|sinx|+C

COS X

T UM © ﬁjcotxdxzj -

sin X

dx
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(iv)

sin x = 7 Ffaqeenfuq ST dIf cos x dx = dt
dt
a4 J.cotxdx—J.T
= 10g|t|+C
= 10g|sin x|+C
jsecxdx=10g|sec X+ tan x|+C

sec x (sec x + tan x)

{ sec x dx = dx
gﬁs—m%ﬁﬁ,j I sec x + tan x
sec x + tan x = ¢ Ffawenfud HH W sec x (tan x + sec x) dx = dt
dt
i J.secxdxzj.—zlog|t|+C=log|secx+tan x|+C
t
jcosecxdx=10g|cosecx—cot x| +C

cosec x(cosec x +cot x) d
x

: cosec x dx=
0 UM €, .[ -[ (cosec x +cot x)
cosec x + cot x = ¢ Faeiyd & Sq

difh— cosec x (cot x + cosec x) dx = dt

e Jcosecxdxz—jﬂz—logltI=—log|cosecx+coth+C
t

|COSCC2 )C—COt2 x|
+C

= —log
| cosec x —cot x |

= log |cosec X —cot x| +C

FEE0T 6 TrAfAfed GHeReAl &1 G SIS

(i) _[Sln x cos” x dx (i1) -[sm (x+a) (i -[1+ tan x
&l
0] P jsin3 xcos’x dx = jsinz x cos’x (sin x) dx

= j(l — cos®x) cosx (sin x) dx
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t = cos x Ufawenfua =sifs@ aifer dr = — sin x dx
i Isinzx cos®x (sin x) dx = —.[(1 — 2 ¢ dt

3 5
_J‘(t2 —t4)dt=—[%—%J+C

1
——cos3x+lcos5x+C
3 5

(i) x+a=t9faenfud FH W dx = dr
I sin x J‘sm(t

sin (x + a) sin ¢

dt

J-sintcosa—costsina

sin ¢

cos a Idt —sina .[cot tdt

(cosa)t—(sin a) [log |sin t| + Cl:l

J- sinx _ _
d: sin (x + a) = x cos a — sin a log|sin (x + a)| + C
el C=-C, sina+acosa, TH 3 W TR 2

dx _J- cos x dx

COS X + sin x

(cos x + sin x + cos x — sin x) dx

-2 COs X + sin x

J‘d J‘COSX—SIDX
CcOoS x +Sin x

J‘COSX—SIIIX
COS X +SIn X
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I I= jcosx Smxd R faaR HifT |

€oS x +sin x

3« cos x + sin x = ¢ gfaeenfua SIS d1feh (—sin x + cos x) dx = dt

s 1= % <log]+C.= logleos x+sin o .,
L (1) ¥ @1 W W I €

dx x C 1 . C,
j—=—+—+—10g|cosx+sm x|+—
l+tanx 2 2 2 2
x 1 C G,

=— —0g|cosx+s1nx|+—+
2 2 2 2

1 . C, C
- f+—10g|cosx+s1n A+ClC==t+2
2 2 2 2

2x

| goTareht 7.2 |
1 937 9% o Y9 § Y% e ohl THhET G hifeg|
3 (log x)* ; _
’ X " x+xlogx

12.

15.

18.

21.

1+ x%

. sin x sin (cos x)

. JJax+Db

1
o =13

X
9 —4x°
etan"x

1+ x7

tan? (2x — 3)

5. sin (ax+ b) cos (ax +b)

T. xx+2 8. xJl1+2x°

1
X
. (Ax+2)A/xP+x+1 10, 11. , x>0
(2 x—x N
13 x 14 1 0,m#1
e A~ 4 33 . — x>0, m#
X
16. o2v+3 17.
e
ezx -1 er —e 2x
190 5 20. S
sin” x
22. sec? (7 — 4x) 23. 5
1—x
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2cos x —3sin x 1 cos~/x
24, /2 7 25. — =~ 26.
6c0s x + 4sin x cos“x (1 - tan x) \/;
COS X
27. MCOS 2x 28. —'71+sinx 29. cot xlog sin x
i sin 1
30, —2% 3. ——— 32.
1+cos x (14 cos x) 1+ cot x
2
1 J/tan 1+log x
33. 34, VY 35, (rlogx)
1—tan x sin x cos X X
2 3 - ~1._4
+D(x+1 Xx'sin | tan X
36, D (x+logx) o, #
X 1+ x

Y9 38 WA 39 H WEl I Rl =9 hio0:

9 x 10
38. J-IOx +10" log, dx e
x'+10"
(A) 100=x""+C B) 100+ x°+C
©) A0 =x""'+C (D) log (10" + x') + C
39, | W= &
sin® x cos” x
(A) tanx+cotx+ C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx-—cot2x+ C

7.3.2 fAwivifidia qe-afgetenl & SUIRT §RT QIS (Integration using

trigonometric identities)
e gHRed U F9 Benviiada wer ffed 8§, df g9 gueher 9 F % fau g9
M TR 1 SN i § wE o i Seewon o g wHeEn w4 2l

sargvor 7 fAfafaa <1 3@ wifew
() jcoszx dx (ii) jsin 2xcos 3x dx (iii) jsin3 xdx

A
(i) FEAHRT cos 2x =2 cos? x — 1 Tl TR0 wifsw foed

1+ 2
cos’x =$W%ﬁ?ﬂ%l
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1 1 1
e J.coszxdxzz J.(1+cos 2x) dx = EJ.dx+EJ.cos 2x dx
=£+lsin2x+C
2 4
1
(i) TGt sinxcosy:E[Sin(x+y)+sin(x—y)],3ﬁ@=|'{01‘°|ﬂ'r7rﬂ1

ad Jsin 2x cos 3xdx=%Usin 5x dxfjsinxdx]

1 1
= —[——cos5x+cosx}+c
21 5

1 1
= ——cosSx+—cosx+C
10 2

(i) FeIH(HeRT sin 3x =3 sinx — 4 sin’x ¥ 89 9N © &
3sin x — sin 3x
4

e Isin%dxz%jsinxdx—%.[sin 3x dx

sinx=

1
= —Ecos x+—cos3x+C
4 12

IEETRGH jsin3x dxzjsinzx sin x dx = j(l—coszx) sin x dx
cos x = ¢ W@ W — sin x dx = dt

s [sin’xdx=-[(1-1")ar

3

—jdt+jt2 dt=—t+%+C

1
—cosx+§cos3x+C

et Sreptadia gd-afqenie s STa wid g 98 <A S Fehdl € & <Al SW
e €

| wTeret 7.3 |

1 922 O o U9 H YF e 1 FHGEA A1d Shifad)
1. sin® 2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x + 1) 5. sin® x cos® x 6. sinx sin 2x sin 3x
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) _ 1-cosx COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
) sin? x
10. sin*x 11. cos* 2x 12. /—/———
1+ cosx
cos 2x — cos 2a COs X —sin x
13. —— 14. 1+sin 2 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, ——————
sin” x cos” x cos” x
1 cos 2x
. T 3 . . 2 . sin !
19 Gin xcosx 20 (cos x +sin x) 21. sin " (cos x)
1
22.

cos (x —a) cos (x —b)

U9 23 T 24 H &l I H1 II9 HifSU)

-2 2
sin” x —cos” x
23. Iﬁdxw %Z
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx +C
(1
dexw 2
cos“(e'x)
(A) —cot (ex®) + C (B) tan (xe") + C
(C) tan (e") + C (D) cot(e’) +C

74 39 faforsz Wil oF TR (Integrals of Some Particular Functions)
79 uftes] o en i geeqol aamemed o w1 e S R 9gd 9
GaTYd YT AR i T hid H 31 TN |

M j dx —Llog x—a e @) j dx —ilog a+x c
2 —d®> 2a x+a a’ - x* 2a a—x+
d 1 _ dx _ [ 2 2
@) [ =g 'ZeC @ fﬁ—l"g SRR A
x“+a° a a x —a
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=sin 1— +C x+Vxt+a*|+C

=log

d.
5) Jﬁ (©) fﬁ

mwmwﬁmﬁﬁfﬁ@aﬂﬁ%

1 1
(1) 89 SFd €ff —5—— =

X —a _(x—a)(x+a)
1| G6+a)-(x-a) _L{L_ 1 }
2a| (x—a)(x+a) " 2alx—a x+a
& dx 1 dx
J.xz—a2 Z_a{-[x a_-'.x+a}

=Z[log|(x— a)|—log|(x+a)|]+C

(2) SWE (1) o ER &9 U ® fh
I _1ltn+@@-x| 1[ 1 1
a’-x" 2a| (a+x)(a—x) =2_a{a—x+a+x}

THfeTy J‘azd_xzzi“‘ - +] dx}

x° 2al|l'a-x a+x
1
= Z[—log|a—x|+log|a+x|]+€

1
- —1lo
2a g

at+x

+C

a—x

(1) ® s7m &1 T fafy 1 owen wfiesk 7.5 § & S
(3) x=atan T W dx =asec’ 0 do

- J dx _J a sec” 0 do

x> +a’ a® tan’0 + a?

1
=—J.d6=—6+C=—tan’1£+C
a a a a
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(4) HH AT x = a sec® T dx = a sec O tan 6 d0
J- dx _J- a secOtan© do
\/x2 -a’ \/a2 sec’0—a’

= Isece do =log |sece + tand |+C,

2
_ log Ty x_2_1
a a

= log| x+x*—da* —10g|a|+C1

= log| x+vx* —a’ +C,Tr|%5fC=C1 —log|a|

(5) A TS fF x=asin 69 dx =a cos 6 do

+C,

acos0do

dx .1 X
TgfemT = = 1d0=0+C=sin" —+C
j\/az—xz I\/a2a2 sin’0 J. a
(6) AWM ST fF x=atan O T dx = a sec?0 dO

a sec’0 do

a’ tan’0 + a*

i [l

= Jsece d0 = log|(secO + tan 0)| + C,

2
= log ﬁ+4/x—2+1 +C,
a a
= log|x +Vx* +d* —10g|a|+C1

= log [x +V/x* +a*

T WA G o A W o7d BW i 3R g W hid @ S STuAn w1 gfte
T IR € SR TR HEhEH! 1 W A F o AU SR e ya R s
Hehdl B

+C, &I C = C, - log|dl
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dx

(7) W]m A FH o faw gq
2 2
ax>+bx +c= a{x2+éx+£}=c{(x+£J +(£—b_zﬂﬁﬂ§lﬁ #
a a 2a a 4a
b b’ ) .
I x+—=1TH W dx=di T ———=+k’ fa@d gu a0 o € &
2a a 4a

b2
[C J%ﬁgmﬁ%ﬁaﬂﬁ@%w [2 % e 5 wfafin

a 4 2+k2

B S © 3R TH YR SHH] M @ A ST Gl 7
dx .
(8) Im,aaw%wwﬁmmﬁ%mmﬁﬂﬁaﬁa@

T WU G5l o1 STANT shich GHIher o fhel S Gehdl

@) '[ax +bx+c

79 Ut 3 ardfas et A9 B 9@ S © ik

dx Sl p,q,a,b,c 3R E, o FHR % THH T HH & U

Px+q=Adi(ax2 +bx+c)+B=A (2ax+b)+B
X

AT B, 91 7 o fIT en ST 9ail ¥ x ok TNl T TR 1 GAM i B
AT B T 8 SH W GHEhe A WHIveR w9 H uRefdd 81 S 2l

(10) jM,¢w¢memwa§mmw>aﬁﬁﬁ

Nax* +bx+c¢
M a5d € IR GHhEH i T AR w6 | qiEfid s 2|

MET S fafeal ol o SRl %1 HeEdl § §HE
sareTor 8 frefafed gaererl i T it

o
0 =" i J o=
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A
. o dx dx _l x-4
@ Zlg-["‘362—16_"‘362—42 B 810g x+4 e (7.4 =
dx
(i) =
sz X I./l_(x_l)2
x— 1=t Rdx = dt
d d
—— sz * =j\/1 ttz = sin! (+C 7.4 (5) %]
X—Xx -
=sin' (x=1)+C

STt 9 frefafEd gameRerl i 1 it

dx
0 Jrem 9 i @ e
&
() aﬁx2-6x+13=x2-6x+32-32+13=(x-3)2+4
1

i = dx
I —-6x+13 Ix 3) +22
II'FTE'i\HQx 3=tdd dx =dt
1 Lt
g}:ﬂ%ﬂ; = —tan —+C
j —-6x+13 '[t 2,22 2 2 (74 (3)
=ltan’1x—_3+C
2

(i) T €3N HHEher 7.4(7) o ®9 1 8| BH GHhTd o 8L i [feEd FhR
9 foaed &
13x 10)

3x2+13x—10=3[x2+———
3 3

= SHH%T —[%ﬂ (gt & I W)
1 dx

3 +13x-10 3 [ 13J2 (17}2
x+—| -| —
6 6
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5

13
x+€=lWﬁqu=w

| de  1¢  di
3x2 +13x—10 3tk{nf

HHTh T 259

1 3x—2

RN

17 x+5

1 3x—2

17 x+5

1
x—§=t W W dx=dt

dt
-
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1 1Y
= —Slog 1+t —[gj +C [7.4 (4) 9]
=ilog x—l+ xz—g +C
5 5\ 5
sarstor 10 frAfafed gameReHl i A Sifse
x+2 x+3
. dx .. —dx
@ j2x2+6x+5 @ '[\/5—4x—x2

&l
() T 7.4(9) 1 SYAN FA T BH AT HId B
x+2= Ai(2x2+6x+5)+B = A(4x+6)+B
dx
T gell W x o TUTeh] e TR Wi HHM T W BH UM &:

1 1
4A=1TM6A+B =2 el A:ZaﬁIB=E

x+2 1 4x+6 1 dx
T j2x2+6x+5 4925 +6x+5 2'[2x2+6x+5
1. 1
= ZIHFEIz GRS (D)
[ H, 2%+ 6x+5=1T@ W (4x + 6) dx = dt
dt ’
TgferT 11=j7=10g|t|+c1=1og|2x +6x+51+C, (2
dx 1 dx 1 dx
3R h=I22+6 +5=5 5 =Ej 3\ e
X X x2+3x+f x+= +| —
2 2 2
CSE | x+%=t,r@|ﬁmdx=dt,€1=rtnﬁ%
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1 dt 1 _
Izz_j 5 = —tan "2t +C, [7.4 (3) 9]
2 t2+[1j 2X—
) 2
= tan12[x+%j+ C, = tan' (2x+3)+C, .. (3)
(2) 3R (3) 1 WA (1) § FH W/ &9 UH §
jf;zdlelogpxz+6x+5‘+ltan’1(2x+3)+c,
2x"4+6x+5 4 2
STt c=5.%

4 2
IE THIRH 7.4 (10) oF &9 H 81 3T 543 i (A=Afanied 9 H Aferm
H T
x+3=Adi(5—4x—x2)+B:A(_4_2x)+B

X

< vl W xoh O] Wel ST ol WA i T EH U B
~2A=13R-4A+B=3,
a1erfq Az—%aﬁ'{le

x+3 4— 2x dx

e '[\/5 4x—x* - '[\/5 4x—x* '[\/5 4x—x*

1
= -5 L +L, ()

[,H5-dx-x*=1,T@ W(-4-2x)dx=dt

4— 2x dx dt
o I, = = 1/t +C,
'[\/5 4x—x° '[

= 2/5-4x—x* +C )

- I :J‘ X :J‘ dx
P sax—x C Jo— 42y
X+2=tT@ WV dx=dt
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dt .1t
W 12 = J‘W =S1n 1§+ Cz [74 (5) -é]
- sinle-'-z+C2 -3

TN (2) TE (3) &I (1) | yfaeenfad 0 W &9

j%:—«ﬁ—@c—xz +sin1xT+2+C W I B, ST Czcz—%
S5—4x-x

| vttt 7.4 |
Y99 1 T 23 T oF ol ol THRAT HiTST)
3x? 1 ;
2. 3.
X+l Vi+4x? (2-x)"+1
4 1 5 7 6 *
T N9-25x2 1+2x* 1—x8
x—1 x2 sec’x
7. 8. 9.
-1 X +ab tan’x+4
1 1 1
10. 5—— 1. —5——— 12. 77—
VX +2x+2 9x° +6x+5 VT —-6x—x
IS I IS
B Je-n=2) M Brs—d 1 Jx—a)(x-b)
4x+1 x+2 5x—2
16. 2P+ x=3 17. X -1 18. 14 2x+3x2
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) 4x — x* Vil +2x+3
x+3 5x+3
22.

—_— 23, T/
x2-2x-5 Vil +4x+10
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YT 24 TE 25 H TEl W h1 997 HI90:

24. IZLW %:
X +2x+2

(A) xtan' (x+ 1)+ C B) tan!'(x+ 1)+ C

C) (x+Dtan'x +C (D) tan"'x + C
5. LI

9x — 4x”
(A) lsin_1[9X_8j+C (B) lsin_1[8X_9j+C
9 8 2 9
— 1 . 1({9x-8

©) %sin_1[9x8 8j+C (D) 5 5m 1[ x9 j+C

7.5 3nifYreR Rt gRT AHTeRe (Integration by Partial Fractions)
P

et e B O SO e g ) b S & w9 et e

Q(x)
2 STl P(x) T Q(x), x ¥ g8 © @ Q(x) # 0. A P(x) 1 H@ Q(x) ! =M ¥ A
2, 9T e Sfad Ui wer sedr § e favy aRia e weard ) foamm
i Hg el i ot 97 fafy g sfaa ufua wed o w9 9 ufafda fear s wewar

21 39 YR 4fg P& foom 9fe wed B, @ M:T(x)+M SRl T(x) xH

Q(x) Q(x) Q(x)
Wa@ﬂ%aﬁw%@ﬁaqﬁﬁaw%|waﬂﬁ%%wwaﬁrww

&Y forar Sar 7, ord: fedt ot ofa wor 1 gueen fordt sfaa ofids %o o
U 1 G o &Y | qRafdd 81 Sd 2 T8l W 8 57 IRET el o SHIehel
W foaR ®31, 3 W faw IR o Rt § faufed a9 ot =)

Wﬁmﬁ%ﬂjggdxammaﬁmaﬁﬁ%aﬁgg@sﬁdatrﬁﬁa

W 71 T fafy, f59 sriferes fa=ii & fodism & 9™ @ S 9 @, 6 derEd ¥ fie
T T i WHRO GRAF Herl o AN o &9 § for@n S g9d B $6eh UvEn
od o fafdl &) geEd O guhed Wi fRar ST ogeRar @1 frefafed
aroft 7.2 e w7, for fafu= gvR & 9 werl & @1 9 9R o WA
a7ifereR fori 1 Werg foRan < W 2
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|rui 7.2
Ik | UfUT e w1 w4 YR Tt &1 ®a
L] P A, B
(x—a)(x-b) x—a x-b
. pxtq A, B
' (x—a)’ x—a (x-a)
3 px Hgx+r A N B N C
' (x—a)(x—>b)(x—c) x—a x-b x-c
4 px2+qx+r A + B & C
: (x_a)Z(x_b) xX—a (x—a)2 x—b
< px’ +gx+r A Br+C
(x —a) (x> +bx +c) x—a xX*+bx+c
SRl 2 + bx + ¢ %1 3R AW PrEE &l fHa S gkl

Sudad Gt § A, B Ud C ardfas e € et sfaa fafa @ 3@ w2

dx
IEI 11 jm?ﬂmaﬁﬁm|

o1 fean gan wathed s sfuq ui™ werd ® swfag enfyrs fu=i o w9
[ETROT 7.2 (i)], T SUAT I U, BH

I A B fwe# e (1)
x+Dhx+2) x+1 x+2
el A 3B arsfass Gead & Tl ed Sfad fafy 9 o & 21 89 U ©
1=Ax+2)+Bx+1)

x ok T[OThT TS 3TeR Ul I WHH A W EH UM §

A+B=0
w 2A+B=1
T TR ol B i W EH A=13R B=—1 W< Bl 2l

1 1 N -1
x+D(x+2) x+1 x+2

T YR HHEE fEfatEd €9 § 9 g ©
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safer J- dx =de7J-dx

x+1)(x+2) x+1 Jx+2

= log |x+1|-log|x+2|+C = log :; +C

femuit Sudea G (1) Ueh Gaaiieht € SFufq Tk TH e S x o qeft whienr
et A o oIy g1 81 P @@ Hobd =1 U F8 <M o fog hed B foh feam
T HoF TH TAEEET 3 3R Thd = T ST I8 9 & fau w € e g
FUA Th GHIH T 270 78 < o fau fom fsan gen som x & fafv=a omi & fo
T 2l

+1

IETETT 12 jﬁdxammamaﬁi‘m|
2

2 +1

m@?ﬁﬁqﬁﬂawﬁ%wﬁq%ﬂxulﬁ
X —5x+6W AN F & I B UA 7 fF

x+1 5x-5 5x-5
> =1+— =1+
X" =5x+6 x°—=5x+6 x-2)(x-3)

T T8l TR

5x-5 _ A p. B
"R A T s T2 3

GIED 5x-5=A(x-3)+B(x-2)
T qell W x ok Okl e TR UG ol HHH i W EH U 8§ A+ B =5 3R
3A +2B =5.

T TR0 ol B hid W B9

A=-5 3R B=109rd &% 2l
x2+1 5 10
5 =1- +

X =5x+6 x-2 x-3

j 7 _sxi6
=x—510g‘x—2|+ 1010g‘x—3|+C
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IETEIT 13 jidxaﬁrmaﬁaﬁm|
(x+D)*(x+3)

w1 fean gen wmehed |ro 7.2(4) ® U g€ @@ & ®9 @ €1 o7 '

3x-2 A N B
(c+D*(x+3) x+1 (x+D? x+3

fered &

afh 3x-2=Ax+Dx+3)+Bx+3)+C (x+ 1)

=A@W+4x+3)+BEx+3)+C (P +2x+1)
T uel | 12 TN, x o UMhI T =R TSI HI ol i W U € T
A+C=0,4A+B +2C =33 3A + 3B + C =2 31 GH0 ! 8 HH T &4

A=l B_Eﬁczﬂm%lwwwmwﬁwm%
4

4
3x-2 115 1l
G+D*(x+3)  4@x+D 2+ 4@x+3)
2 3x-2 dx
J-()c+1)2()c+3) 4 x+1__j(x+1) 4J.x+3
11 5 11
=Zlog|x+1|+2(x+1)—210g|x+3|+c
=£0 x+1 5 +C
4 x+3| 2(x+1)
2
J‘(x +1)(x +4) A S !
2
2D (2t ) F AT R =y Fe
x2 _ y
a D) +4) +DG+4)
y 3 A
O+DG+4) y+1+y+4 < ¥ H e
GlIED y=AQ@+H+By+1)
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T gl Wy ok TN Te TR UG i ol i W BH UM 8 A+ B =123
4A +B =0, f5a9 9 B &

1 sk 4
= — B:—
A 3 3

X’ 1 4
&d: 2 2 =L 2 2
x"+D " +4 3(x"+1) 3(x"+4)
2
x“dx 1 dc 4 dx
'[(x2+1)(x2+4)= §Ix2+1 ij2+4

1 4 1
= ——tan’1x+—~—tan’1£+C
3 32 2

1 2
= ——tan’1x+—tan’1£+C
3 3 2

ST 33T H haa AT 9 el AW oF faw gfaeerds foeen o on 9 f
FHTHH a9 o TeIu) 376 B9 Tk UH SRl i o=l hid § TSEH FHhe o
fou wfaeemes fafy oo enfers = fafar <91 1 9950 &9 @ wgsa ffan w0 2

(3sin ¢ —2)cos ¢

IETEATT 15 -[5 0520 45in 0 do %1 9 A HifS)
&1 A WIS y = sing
qad dy =cosd do

J (3sino — 2)cos¢ ,[ GBy—2)dy
5—cos’h— 4s1n¢ 5-(1-y*) -4y

_J‘ 3y-2 =J~3y—22:I (T )

y? 4y+4 (y-2)
3y-2 A
foraa TR 7.2 (2) |
o9 B9 (yz)y2(y2) g [ (2) H]
ESIGLY 3y-2=A(y-2)+B

A uel Wy ONE TS SR TRl k1 gl H R T UMW T, A=3Td
B-2A=-2, TS99 84 A=3Td B =49 8l 2l
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zafan e gaeher frefafed 9 9 g 2

y_3j dy+ j

I=|[—=
Iy2(y2) (y2)

4

2 —sin ¢

+C

310g| y—2|+4(—LJ+C = 310g| sin¢—2|+
y=2

310g(2—sin(]))+2_4 ¢+C (FITHR 2 — sin ¢ THIM HATHR ?)

j X2+ x+1dx

(x+2) (x> +1) 1A S I

3TEUT 16

o1 T gen wHhen wh Sfed ufem wer ®1 ufEd wed &l efves e o
fomfed & & [ERO 2.2(5)]1

x> +x+1 3 A +Bx+C
WCH+DE+2) x+2 (P +1D)
e P+x+1=A+D+Bx+C) (x+2)
T qell | x2Sk T[T, x oF TOThl TS 3TER Ul i g I W BH A+ B =1,
2B+C=13RA+2C=19d & 2l

. 3 2 1 .
ﬁﬁﬂﬁaﬁwaﬂﬁmgﬂAzg,Bzg,czgqﬁ%l
T YHR T FefafEd ®9 § e 2
2 1
Prxtl 3 +§x+§_ 3 +1[2x+lj
C+D)(x+2)  5(x+2) ¥ +1 0 S5E+2) S X7+l
2
X +x+1 1 1
T ——————dx = = dx +— dx
I(x2+1)(x+2) Ix+2 593211 ij2+1
:%log|x+2|+§log‘x2+1‘+§tan1x+C
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1 921 9% o Y9 H 9RET Hel 1 GHERE hifed|

1 X 5 1 5 3x—-1
T+ (x+2) "X -9 T a-D(x-2)(x-3)
X 2x
4. 5. 57—
(x=1)(x=2)(x=3) X +3x+2
6 1 P — g, —
Tox(1-2%) T+ =D T =D (x+2)
0 3x+5 10 2x-3 " S5x
R Sy | TP =D (2x+3) T+ (E-4)
3
x +x+1 2 3x-1
12. 2 13. Y 14. wi2)?
15 ! 16 A
Toxt -l T ox(x"+1)
¥ =t @
CoS x ) .
17. (1—sin x) (2 —sin x) [Hehd: sin x = ¢ @]
i) (2 +2 2 1
18, L ADE+2) L 20—
(P +3) (% +4) 02 +1) (x* +3) x(x* =1
21. [Tehd: e* = ¢ @]
(e —1)

99 22 UF 23 H HWE 3W H1 I Sifau|

2. [—EE et

(x=D(x=2)
2
(A) log +C (B) log (x=2) +C
x—1
x—1Y
(C) log [E) +C (D) log|(x—1) (x—2)|+C
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23 J‘ dx
Sy (x2 +1)

1 1
(A) 10g|x|—510g(x2+1)+C (B) 10g|x|+510g(x2+1)+C

1
(C) —log |x|+%log (x*+1)+C (D) 510g|x|+log @*+1)+C

7.6 @SIT: WHIGR (Integration by Parts)
79 I3 ® T0 T &1 U SR fafy &1 ==t w3 S 7 S werl o ek
1 G L W 98 STEn 2

% Thel =X x (A AAT) H 4 3R v < SFTh1a Held € al ST o U
0 o @R &q U ® f

T vE 1 GEROd F W B U@ © T

uvzj.u% dx+J.vcf—iL; dx

dv du
SR —dx=uv—|v—d. . (1
J.udx x =uv J.vdx x (D)

e efifse fa u:f(x)aﬁI%=g(x)aa

%:f’(x)aﬁivzj‘g(x)dx
X
T Fefisheor (1) w1 Frefafed &9 § foran st aewar €
[fwe @dr=f g dc-[i]g @ dx f ()] dx
areif [fmewde=fw [¢@de-[If @) [g0 dxldx
If% B0 £ I UUH Hel 3R g Hl THU e I o @1 39 g HI FEfafed w9
¥ o foman S gehen 21

“TN el oh UM% T FHHREA = (Y9 o) x (fgdfia wed 1 Tmeher) —
[(Y2M Hed 1 STashad o) x (Tgda e &1 Heher)| 1 FHehed
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IS 17 jxcosxdx HT HH Jd SIS

T £(x) = x (399 HeM) 3R g (x) = cos x (5@ ®er) Waw) q9 @eu: gqmwe 9
W e € TR

J.xcos X dxsz.cos xdx— J.[%(x) J.cos x dx]dx

= xsinx—jsinxdx =xsinx+cosx +C

I wifee fF 89 f(x) = cos x T g(x)=xéﬁ%?|ﬁ

d
J.xcosxdxzcosxJ.xdx—J.[E(cosx)J.xdx]dx
x2 . x2
= (cos x)?+J-smx?dx
T YR 89 3@d € fF g jxcosxdx,mg'&@xaﬁaf%ﬂﬁ
At SAfereh hfcd THERer o ufafdd & S @1 sy yum wer e fgde her @
3fed =7 Aoyl 7
feugoit
1. =& 9o €, foF Tev: Tamed < Bl & [UMhd &t g fefa o yge
T 2, s [V sin xdx 1 Rerfa § = fafa wm T w3 gww=

HR0 T8 ¢ Th TE HIE e Al | € 8l © fSEeh sresherst/ sin x €1

2. oF e o fgdta ®em o1 T9ehed A1 S T9T 899 iz T 3TER
Tl et ol afg g1 f5dia wer cos x % GUIGREH i sinx +k, % &9 H forad
&, el k1 TR T, 7

jxcosxdx:x(sinx+k)—j(sinx+k) dx

L x(sinx+k)—jsinxdx—jkdx

= x(sin x+k) +cos x—kx+C = xsin x+cos x+C
e Tl € o Gew: wameher fafy o v @ sifaw afom s s & fag
fgda we & THRe | SR &1 S e T

3. WHA: A€ I Ee x 1 o1 o ®9 H ¢ el x I 9898 € df 89 W yUH
e o ®9 0 o §1 qenfy e feafa A Sef gu0 wor gfaeim freemifhda wer
AU TTHE e B, A B0 SRl UUH Hed & &9 H ofd 2l
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SET0T 18 [log x dx W HIFT

T U 3 o Ty 8 U9 ®el 1 IHH oiH | eraael € fewent sraehers
log x®1 BH log x ! Y| e TH 3o e | i fgdid ®er od €1 o e o0
TR x B

d
: logx-1)dx = 1 ldx— [[— (1 ldx]d
31d j(ogx ) dx ong x j[dx(ogx)j Ix] dx
1
=10gx.x—J.—xdx=xlogx—x+C
X

ST 19 [xe'dx W@ I

T x YUH e UG e il f5dia wer o ®9 4 ety
T W ] FHHTA = e
BRI Ixexdx=xex—jl.exdx =xe'— e + C

xsin” x

IETET 20 IFdmeI

X

Tl M AT 9o| Held = sin ﬁ?%?ﬂﬂ%‘l:ﬁ
- X
1.088 mm
9 & fgelia wer 1 FHeher 96 R € e | X e E

V1-x2
t=1-x IaEu
GE] dt =— 2x dx

T b Tk SR e

xsin 'x o
=sin x

3 '[\/1—— (1—)_[\/—

= —1-x*sin"'x+x+C = x—+1-x*sin"x+C
farereua: sin'x = 0 Wfaeenfud w1 W iR 7 Te: THHE HT ST Hd Y
ft T GHreE 1 B fRa ST gehdl 2

(=V1-x%)dx
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SAETOT 21 [ sin xdx FW HCY
T ol YUH T T sin x i g ®od o ®Y H ofifu] 99 TSI: THRAT 9
9 UM © TR

I= J.ex sinxdx=e"(— cosx)+J.e"cosxdx

=—e‘cos x + I, (WH i) . (D)
1,5 ¢f TS cos x I HAU: o T fgdd W W BT €W R

II: e’ s1nx—Je sin x dx
1% 79 (1) ¥ Wt | &0 99 € &

I[= —¢" cos x+e'sin x — 13761 21 = ¢* (sin x — oS x)

X

3d: I= J‘e" sinxdxz%(sinx—cosx)-FC

foeheud: sin x Tl YoH T Td ¢ & f5ia Hed o T o STe FHehad &l
1 feman ST Hehan 21

7.6.1 .[ex [ f&)+ f (X)]dx & UmIT T WHTHAT
=5 wa § fF I= [ [f()+ f/@)]dx = [¢"f @) dx+ [e"f () dx
= L+ [e" f7(x) dx, ST 1= [ e f (x) dx (D

LH f(x) T e 1 HAI0: YoH o gl e ofd BT T @ev: kel gl &8
Id ¥ I =f(x)e-— Jf'(x) e*dx+C
1, %1 (1) ¥ wfaeenfod & &9 9 ¥

[= ¢S [f/ @ e‘de+[e f/(x)dx+C = ¢ f(x)+ C

am: [e"(f@) + f/(0)dx = e fx)+C
IETET0T 22 Jd aﬁﬁnz

x> +1)e"
(x+1)%

@ [e*(tan x+ ) (i) dx

'

o 1
(i) =s1 Iz.[ex(tan’lx+—2) dx
1+x

3 (%) = tan” 'x, TEE, @6 f(x) = 1+
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aa: o gom WHehed o [f(x) +£/(x)] o ®9 | @I

N N 1
Tafere I= J.e (tan 1x+m)dx =e' tan 'x + C

2
(i) T ehfem fw j(x “)e dx=.[ex[—x _1+12+1)]dx
x+1)

= J I > 1dx
(+1) (+1) +1 (x+1)

x—1 _
qﬁ?ﬁmﬁl?f(x)zmﬁa f(x)_(x+1)2
Ia: o gon gHehed o [f(x) + £/(x)] % B9 H @I
x2+1

| Y L,

(x+1)? x+1

| wTaett 7.6 |
1 922 d% o U1 o Bl ol HHRS iy

1. xsinx 2. xsin 3x 3. xref 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x

xcos 'x

F 12. x sec’x
—-x

13. tan'x 14. x (log x)* 15. (& +1)logx

9. xcos!x 10. (sin'x)? 11.

. xe e 1+sin x
16. e* (sinx + cosx) 17. 1+ 1) 18. 1+ cos x

. x-3)e" )
19. ¢ | ——— 20. — — 3 21. e¥sinx

x—1°
22. sinl[ 2x2j
1+ x

Y9 23 T 24 H &l SW 1 FI9 Hifeg)
23. J.xzexsdx TR 2 :

2
X

1 s 1
A) —ef B) —¢" +C
(A) 3¢ +C B) 3

1 3 1 2
—e +C D) —e" +C
©) e D) e

Reprint 2025-26



HHTh T 275

24. Iex sec x (1+ tan x) dx SR 2:

(A) e‘cosx+C (B) e*secx+C
(C) e'sinx+C (D) e‘tanx +C

7.6.2 5 3T UhN & GaTHe (Integrals of some more types)
75l BH WeyT: T fafy W e o fafere R & wmifoe womehert st ==t

ExUlBSERED

(1) I\/xz—az dx (i1) I\/x2+a2 dx (iii) I a’ —x* dx

@) ma’ﬁqﬁslzj x> —a® dx
WWIHﬁWWW@aﬁT@W:WWWW%

I= xvx’—a —J x dx
X2 —

Cl

- xyxt-a* - dx = xVx _[x —a’ +a”

[
x\/xz—a2 —I\/xz —a? dx-a’

J‘ dx

2 2 2
—xvVx —a —-I-a

YAl A= xVx*—-da* -a°

J‘ dx
V x2 _az

J‘ dx
Vxt —d?
SREI 1= J.\/xz—az dngxlxz—az—élog‘x+\/x2—a2

T YR R I FHGRCH H SR W 1 i fgdd Hed Rl T G
TaReH faf gR1 &\ T ®

1 2
(i) I\/x2+a2dx:5x\]x2+a2+%log
1 2
(iii) .[ az—xzdxzax\]az—xz +%sin71£+C
a

forepead: EaTRel (i), (i) T8 (i) § %9 x = a sech, x = a tan® AR
x = a sin®, TR & W ot =7 GHReHl &1 G R S HehdT 2

+C

x+vVx>+a® |[+C
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IETEATT 23 J.«/x2+2x+5 dx T@ Fifu)

Tol &F Jifee o I\/x2+2x+5 dxzj\/(x+l)2+4 dx

3« x+1=yT@ Wdx=dy, T
J‘\/x2+2x+5 dx = J‘\/y2+22 dy

1 2 |
— — +4+—1o
—2)’ y > g

vy +4 ‘+C [7.6.2 (ii)3 3TaRT 9

(x+D) V2 +2x+5+2log| x+14+x> +2x+5 ‘+C

1
2
ISTEATT 24 I\/3—2x—x2 dx d i

To1 e dfsu fE j 3-2x—x dxzj.«/4—(x+l)2 dx
3 x+1=yT@H W dr=dy

9 JhX J.\/3—2x—x2 dx = J\/4—y2 dy

% yy4-y +% sin*%+c [7.6.2 (iii)% ST 4]

_ %(x+1)\/3—2x—x2 +2sin1[x7+1j+c

| gyTereRt 7.7 |
1 99 d% o Y3l o el bl GHREH ohifeid|
Lo Ja_y? 2. Ji-4x? 3. i raxtre
4. X +4x+1 S J1-4x—x? 6. \/m
x2
7o 14+3x—x7 8. \x?+3x 9. 1"‘?
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YT 10 T 11 | H&l S hl II9 Hifeg|

10. I\/1+x2 dx TR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+c (B) E(1+x2)2+c
3 2
(©) %x(1+x2)2+C (D) %\/1+x2+%x210g x41+22 [+C

11. J.\/xz—8x+7dx6|'{lﬁ|1%
(A) %(x—4)\/x2—8x+7+910g

1
(B) E(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
1
(©) E(x—4)\/x2—8x+7—3x/§log x—4+\/x2—8x+7‘+C
1
(D) E(x—4)\/x2—8x+7—%log x—4+\/x2—8x+7‘+C

7.7 TAfv=a wateReT (Definite Integral)

st afteael o era eiffyea qamherHl o a1 o s1eer e @ oIk oo fafire ol
o AR dfed AfHYEq GHReH! S T w3 w1 F9 fafual @ ==t # 2sE
Ii=s] | & fohdt wem o fftad aameres &1 teraq st v aumeRes &1 U

g A eran 81wk v gmehe & j:f(x)dx,@ﬁrﬁfqmvrrm%aﬁ

b, GHIRH 1 =9 HIHT 991 ¢, GHRH 1 7 1 st | Fiv=a gaehe 1
Uf=, =1 1 A R G oh ®9 W HUF Sl § YA 97 AU [a, b] W $HRT HIS
yfdstasherst F e df fAfv=a g &1 7 offaq fogei W Foh AH & 3fat erefq
F(b) — F(a) o a0 81 €, o &9 § ${d sl 2| Fiy=a goehed o 39 <6 &1
I BY STTT-3TT == |

x—4+x? —8x+7 ‘+c
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7.8 e @t 3NURYA YHA (Fundamental Theorem of Calculus)
7.8.1 QW T (Area function)

,<

T j:’f(x) dx F TFE y = f(x), -7, T

R x=adM x=>b T PR &3 & &4TFA &
wq ¥ yRwifid foran 2180 <hfST [o, b] §x HE

fag g @@ [ o) e s 7.2 % e vt

&5 o &hel i FIefud w3 ¢ [F8] 98 °E A
foram e 2 6 xe [a, b] & foau f(x)>0%l
frfafed wem amr=a: 7= werl & fau t X<gr X X

T 2| 39 DR & F &ARA x A Wy
st 2 E

TR VIR H 79 Sifehd & 1 &Fhel x H1 Tk Heid g1 H x o 39 Hel Fl A(x)
@WW;%I%WA(x)ﬁFWWW%ﬁT%ﬁﬁﬂW@
U 9T gl 2

Y =fx)

A@ = [ flxds ()
79 YR W AIRd < SHRd ¥ € et g0 el W hddl T SRl
Hifeh STl ST TH UIGAYEIH i T o ST B

7.8.2 THT 1 GHIGET AT it TIH MIRYA G99 (First fundamental theorem
of integral calculus)

M Sy foh &% el [q, b] W £ Teh Had B € 3R A (x) 8% %o 81 ad
At x € [a, b1 F TAWA' () = f (x)

7.8.3 WHISHET TIUTT i fgdta ST YT U (Second fundamental theorem of

integral calculus)

0 9 T T8 Jeaqul YHT 1 oA wid € e Gerdl O &9 yfdstaskharst &1
SN T gU A qeeherl s WF A R

THE 2 HA S R 5% e [a, b] W f Teh Gad ®ed © AR £ 1 gidsteehers
Fera [’ f(x)de=[F(x)ll= F () - Fa)
feauit

1. Wﬁ'%ﬂuﬁazﬁwwwmﬁ%’%jjf@)@:a%uﬁrw
F ol 3=d |1 b W 9M) — (39 9fd s@has &1 = 91 ¢ W 799)|
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2. UE YHA e SYANT © Hifeh T8 eH AnThel whi HrEl o fhw fan ffved
T 1 T FH H STHH Tt TEH H 2

3. T Y= Gomeher Id 3 | Sifec Hihan Teh T8 Teld sl 9w il © foeen
FaRAS T T WHRCA ¢ I8 STashor 3 HHRSH o did HaY i 31T

T Il B

4. I:f(x)dxﬁ,[a,b]WWfWWWWWWW%IW:
1
fafeea g jlx(xz—l)idx 1 == e ifaqers € Hifw d@ sfawd
1
[-2,3] & 9 —l<x<1 & faU f(x) = x(x* ~1)2 A1 sAfqeze e f
EIECIER R jj f(x) dx T & o = (Steps for calculating I:f(x) dx)

(i) e wEer | f(x) dx ST BT WA A 78 Fx) 81 GHERTH 3R

C & o7 1 Evahal 78l © ik afE 89 F(x) % &M WE(x) + C R foar
F AU e R

[ £ () dx=[F (x) + CI% =[F(b) + C] - [F(@) + C1 = F(b) - F(a)

T4 YR e GaeRe &1 9 T i W Wes o fagw @ S 2l

(i) [F(OY, = E(b) - Fa) 910 H0, S 56 [ f () 1 519 24

19 TH S SEN W FER W
SaTELor 25 fefafad TEeRer w1 7M1 St
. 5 ) o Jx 2 x dx
() [ dx i |, ENL jlm
(30— x2)

@iv) J.()Zsin32t0032tdt
A
3 . 3
@ nﬁ?ﬁmlzjzxz dx % | it sz dx=%=F(x)
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(1)

(ii)

(iv)

Tfora

Ty, fgdtar eneRyd 799 9 &9 9 € T

27 1
I=F(3)—F(2)=?—§=?9
EERSIEED I=_|.49L3dx TEAFHH TH A 1 W Tohars A e ¢ |
(30-x2)

3
2 2
30— x? th@ﬁtﬂ—gx/x dx=dt JA9d1 VX dx=—§dt

Vx 2pdr _2[1) 2| 1|
WW J.—gdx=—§ t—2=3 ¢ =§ 3 _F(x)

(30 — x2)? (30— x2)
AT e 1 f5da eTuRs@ v9a 9 €9 I <
9
I=FO)-F)==2| — | _2[ 1 1 _Z[E_L}_Q
3 (30— x2) 4‘3 (30-27) 30-8| 3|3 22| 99
el 1 [ 3
U (x+1D) (x+2)
AT =1 1 S9N Y gL W U ® T
X -1 + 2
(x+1) (x+2) x+1 x+2
xdx
_ NS 1]+21 2|=F
zafaT -[(x+1)(x+2) 0g|x+ |+ 0g|x+ | (x)

3Td: o i fgdia STURYD 799 § &9 W € fF
I=F2)-F()=[-1log3 + 2 log4] — [- log2 + 2 log3]

32
=-31og3 +log2 + 2 log4 = log >
T
A i, I:j04sin32tcos2tdt.316r jsin%tcos%dﬂ?%ﬁﬂ?ﬁﬁﬂl

) 1
sin 2¢ = u W& W 2 cos 2t dt = du 31U cos 2t dt = E du
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1d: J.sm 2tcos2tdt—2_|.u du

[u ]=%s1n 2t =F (¢) O eiifelg

oo|>—~

TAfT e i 5 sTuRyd = 9

1= F(—) F(0)= —[sm g—sin“O]:

281

| wotrarett 7.8 |
1920 d% o yoA o ffy=a waeredi 1 99 i
1 31 2. .3 2
1. J- 1(x+l)dx 2. jz—dx 3. j1(4x —5x"+6x+9)dx
- X
L n \ n
4 . 2 x 4
4. J‘Osm2xdx 5. Iocos2xdx 6. _[46 dx 7. jotanxdx
T
n 1 dx 1 dx 3 dx
8. J‘Ecosecxdx 9. IO o 10. Iol+x2 11. I2x2—1
6
z 3 xdx 12x+3 1
2 2 *d
12. jocos xdx 3 I2x2+1 J‘05x2+1 15. J-Oxe o
2 5x° H 2 3
16. — = 17. | *@2sec’ x+x +2)dx
jl x*+4x+3 '[0( )
18. j (s1n — cos? —)dx 19. _[ 6x+3

0 ¥ +4

1 x . Tx
20. jo(xe +s1nT)dx
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Y9 21 T 22 H el ST ] 997 HifoQ]

21. jﬁdxzw%?:
L 1+x
R o 2m o T o
) 3 ®) 3 © D) 3
2 d

22, 32 e 2
0 4+9x
N B) — o) = D) =
) ®) - © 5 D)

7.9 ufaremus grr Ffyem wareRe ™t st "M J1a T (Evaluation of Definite
Integrals by Substitution)

fusa uf=sel § sa sififved Soarhed 9 w0 ®1 oFe fafuel =) ==l 51 2
Affyerd e T S w1 Hecgul fafual § e fafu gfaeemm fafy 2

e fofer & [ f () de, 1 9 W0 B e s o freata
1. THFheH o SR H Hie o fae famm St SRy = f£(x) e x = g(y)
yfeeenfya wifsre @fs fen gsn oo U A &9 § ufafda & s
2. GHRCM =R &I Al feu fo i U Hehed #1 A =R oF Griel HIhe

i)
3. U TR % WM R GH: Faeendd Iy 3R SW Sl 9a WX ok w9 § fafey)

4. =T (3) W WK ST 1 GHHH i & g2 WS W A T ity 3R ==
W 91 A W T @ arel 99 @ SR A S|

g fafy =1 dio o fag & frefafed 7R o 9g 9 <)
RO (1) WS (2) I HE o o€ RO (3) i HH I AR &l S| TET
YA i T =R o ®G H @I Sl & 3R THER 1 HH18T i T =X o THaR
uRafdd o @d & @ifer &0 e eifam =Ror 1 fopan e Tk
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3T TH 79 SR § ge B
IETETW 26 j_l15x4\/x5 +1dx %1 99 9@ Ffw

TAt=x"+ 1, W W dt = 5% dx

22 2 2
RSl GlY ISx X +1 dx_jxfdtz—zz—(x5+1)2
3 3
1 2 31
. 4 _Z 2
o [ 36+l = 2167+ }1
il 3 3
= 2| @ +D2 (1)’ +1)2
S|+ (&) )}
2[ 2 3] 2 42
:—22—02 :_2\/§=—
3 }3( V=73

faehcud: Te9eM g0 GHhe 1 U Fd ¢ 3R q9 ®aid GHehe 1 T4

et o STER M A1 Hd 2

m?ﬁm t=x+1.99 dt =5 x* dx 72 HiteY fF
x=—1dWt=03R I x=1dr=2

34?{ S-S x, — 1 ¥ | T Rafdd el € SH-o99 ¢, 0 ¥ 2 a% 9REfid el 2l

zgfeTT j_15x4 x5+1dx=j0xﬁdt
2

2120 212 2| 2 42

— =2 ==22-02 | =22 2)=—2=
mnjltan xdxaﬂmsrmﬁ%m

0 142

T
ol U ST 7= tan ~'x, @8 df =—— dx .59 x=0?ﬁt=03ﬁ1mx=1a‘lt=z

1+x

aﬁ:é@—é@x,oﬁlwqﬁaﬁiﬁ%ﬁm%éﬁ—éﬁw@%Wvﬁaﬁiﬂm%l

2 |2 2 2

1 tan~' x 4 1= o

ELS| E“fl[! dx = tdt =—|—=-0|=—
IO 1+X '[ |:2:|0 2|:16 i| 32

a
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| wo=TaEtt 7.9 |
1 ¥ 8 % o Y¥AI GHGRGH! ol A YITEATI 1 STAN Hid g G hifera|
1 x T 1, 4 2x
2 [ 5 d
1. j0x2+1dx 2. [2singcos’9do 3. [ sin [szj x
2 L
4. [ xVx+2dx (v 42 = pifEm) 5. [ 2
0 1+cos“x
2 dx 1 dx 2( 1 1 2
6. 7. | —— 8. —— |e™d
'[0 x+4-x '[—lx2+2x+5 Jl[x 2x2je ¢
Y99 9 TS 10 § FET ST H1 =IF Hife|
1
—13)3
9. wamer [} YT g a g
3 X
3
(A) 6 (B) 0 ©) 3 (D) 4
10. A€ fx) = ontsintdt,?ﬁ[ f(x) B
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx+ xcosx

7.10 Trfyea THEReHl % & TUTeH (Some Properties of Definite Integrals)
e gl o $9 Hewyol UrEl A1 g9 i gEeg B 21 F T o fafve

TR 1 AF ST | A F § START gl
P: [ raxe=[" @

P [ fde=-["f(odx. faferemn [ F(0dx=0
P [ f(ode=[" fde+ [’ f()dx, a,b,c T e #

P ['fwde=["fla+b-xde

P: [ feode={"fde+ [ fa-xdx
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P: [ reac=2frxdx R f2a-x)= 1)
=0,aR fQa-x)=-f(x)
P: (@ J‘:laf(X)dx=2J‘:f(x)dx,2lﬁf T T HoM ¥ 39 AR f-x) =£(x)

(ii) j_“af(x)dxzo,zr&;f T faum wer ® el A f(—x) = —f (v)

Teh-Teh h{ch B9 T TUEH! i SYU Hd 2l
P, <t SUUR x = ¢ FTweT T W HE W Bl
P, ot SUUfH A SifSiT & £ 1 Wfdetesherst F 21 99 e i {5 sTeRyg

T Y B U § jjf(x)dx=F(b)—F(a)=—[F(a)—F(b)]=—j:f(x)dx,

7l 70 Sfd B ¢ fF AR a=b @ [ f(0)de=0
P, SUufy oW e & f %1 e F 8, 7@

j:f(x) dx = F(b) - F(a) (D)
["f@dx =Fo) - F@ Q)
3R jb f(x) dx = F(b) — F(c) . 3)

(2) 3R (3) = Sed W eH IR © f®

c b b
[, r@de+ ] f@)dxe =F@p) - Fa) = [ f(x)dx

o9 e P, fag B B
&aﬁ‘mmaﬁﬁqﬁ? t=a+b—x.q9 dt =— dx. Sd x:a?ﬁ,t:bﬁ'{
SE x = b Td t = q. TGfAQ

[Pfede =] fa+b-rar
- jjf(a+b—t)dt P )

:jjf(a+b—x)dx (P, ®)

P, &t U r=q - x MET 3R P,® W MW AU 9 dr = — dx,
Sdx=a,t=0
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fore
Pt 3UUT P, %1 ITAM & T &9 A € R

fozaf W dr = [ f(x) dx+j;” f(x)dx

TE T o TR GHMRSH B 7 = 2a — x Uaeenfud ST, 99 dr = — dx 3R &
x=a,ﬁﬁt=a3ﬁ'{mx=2a, ﬁﬁt:OEvﬁ'{x:Za—t“ﬂW%ﬁT%I
THAT SHU HHThOT

[ e = [rea-na

- j:f(za—t)dt - j:f(Za—x)dx T B 2

a: [ r@ae= [ fde+ [ f@a- dx

P S IUUTH P_, 1 STANT i T BH UM € 1
[ r@ax = [ rdes] | r@a-x)ax ()

39 Ak fQa—x) =f@),d (1) Fefatad ®q o ufafdd g s @
Jozaf(x)dx = [ rac+] fyde=2] " f (0 dx

AR =g fQa—x)=—f(x),d@ (1) Fefafeg w9 § gRafda g s @
[ rar = [ feode=[ (0 de=0

P, st S9ufe

P, 1 T W g EH W F [ fode = [ fdx+] ) fde

T &Y o WUH U Hf=— x W W
dt=—dxSd x=—aqd9d t=aq X 5 x=0,d9 =03 x=—¢ 9 9 Bl 2

whw [ fde= |1 fede ] ds

=j:f(-x)dx+j:f(x)dx (P, @) (D)
() 3@ 9 f TH W Tl § qd f(—x0) =f() @ (1) ¥ 9 g ¢ fw

j_aaf(x)dx=j:f(x)dx+j:f(x)dx=ZJ:f(x)dx
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i) R f foom T & @ f) = f0) @ (1) F T B E
[* Fode=—[ fde+[ fxydx=0
sarerer 28 [ ]2 —x|dx 91 AW W H

T BH @I R R [—1,0] W P —x>03W[0, WA —x<03W[1,2] W x*-x>0
9 g1 fo@ 9 © &

? ) —x|dx = ° - x)dx+ " X —x)dx+ 2x3—x dx P 3
Jolx —xlay = L6 —mdet [ - -0 dxe [ [ -0 (P, )

= j_ol(x3 -X) dx+j;(x—x3) d)c+.|‘12(x3 —x)dx

X4 X2 ’ X2 X4 \ X4 Xz ’
| == H=-=|+=—-=
L4 2 (2 4 |4 2|

11 1 1 11 33 11
=t — 42— = -4 2=—
4722 4 7 4 2 2 4 4
SETETOT 29 [ * sinxdx F1 AR 9 F
o
Tl T9 Uferd #d T T sin® x TH TH e 2
By J.i sin” x dx = 2.[02sin2xdx [P, (1)¥]

»|

= 2]01(1_0—(;2x)dx = jf(l—cos 2x)dx

[ Ji (motgm) _m L
—{x—5s1n2xl)— 4 2 > 1 9
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IETETUT 30 j XSINX e w wm T AR
0 1+cos’ x
T xsinx © (T—x) sin (T— x) dx
e oifse f& 1= = P9
& '[01+cos x I 1+ cos? (T —x) (P, %)
—,[ (71: x) sin x dx _ 71:.[“ sinxczlx _1
1+cos’ x 01+cos™ x
© sin x dx
e 21=m| =
0 1+cos“x
T sin x dx
EEL ——j
01+cos X
cosx = tT@1 W —sin x dx =dt
Tﬂx:Oﬁﬁz=13ﬁ1mx=naat=—1%|s¥rm%qqﬁ%ﬁﬁ
L e 7 /5
=— (P9
2 91 1442 11 +¢?
L dt
T oy 1+1° ®; )

tan"'7| =nf[tan'1—tan"'0|=n| > 0—7t2

ﬂ:[an t]o—ﬂ:[an — tan ]_n 27
1

3ETEYUT 31 I_l sin® x cos* x dx 1 A @ KIS

1
Fol O ofifeie foh 1= I_lsinsxcos4xdx AR £(x) = sin’ x cos* x

dd f(—x) = sin® (— x) cos* (- x) = — sin’ x cos* x = — f (x), 3:[94‘&[\ JAED fa9q wem
 safa 1=0 [P, (i) ¥

SlIl4 X

mszj dx 1 HF T RIS

0 gin* x+cos* x

T

. 4
7 T et 1= | e (D

0 gin* x +cos* x
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L sin4(§—x)
- =2 . - dx (P, ¥)
sin* (5 —x)+cos? (E —-X)
z cos* x
= 2 dx . (2
'[0 cos* x+sin* x @
(1) 3R (2) = Sed WEH 9 ¢ o
= Ewd dx=Ix
'[0 sin* x+ cos* x '[ [ ] 2
3d: I=E
4
L
ISTETT 33 T HF A il
I“ 1++/tanx
3 cosxdx
&l AM ofifeg fr 1= e (D)
I 1+x/tanx '[ x/cosx+ sin x
n cos(§+z—xjdx
@ 1= (P, )
(35 (5]
cos| —+——x |+ [sin +——Xx
\/ 3 6 3 6
Jsin x
—————dx .2
I x/s1nx+ COS X @
. 3 3 T T T
(1) 3R (2) aﬁaﬁgﬁm%ﬂqﬁ%ﬁmhhdﬂ[ﬂfg—g:g
4 6 6
3 I=—
12
3ETEIUT 34 J.Oalogsinxdx T A A1 ST
T AH oifae fm I:J‘Elogsinxdx
(P, 9)

1
ks o b
a9 I= .[02 logs1n[5—xjdx=.|.0210gcosxdx
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I, SH AE 1SS W EH T ©

20 = J‘f(log sin x +log cos x) dx

=1

= J‘Oalog sin2x dx—jflogde (F?)

©la

(log sin x cos x +log 2—log2) dx (log?2 Sg+ Td M )

. T
U R B 2 =t W 2dx=dt 58 x =07l 1= 0 3K & x=5?ﬁt=ﬂ:
ggfea 2I—ljnlo sintdt—Elo 2
=)0 ;%
= E_fglogsintdt—zlog2 [P. ¥ ifF sin (T — 1) = sin 1)
T 270 2 6 B
= J-Oalogsinxdx—glogz (%Rﬁlﬁ xﬁ qﬁaﬁﬁ Eh_{ﬁ -CR)

T
=I——log?2
> g

T

209 si T
d: IO log sin x dx = 3 log2

[woamaett 7.10|

fafeea TRl o TOTHET 1 ITART ¥ gU 1 | 19 T o YA H Gl 1AM
1A RS

3

T .

z sinx 5 sin? xdx

1. jzcos xdx 2. J. = —dx 3 .[0 3 3
\/sinx ++/cos x .5 5
sin? x+cos? x

T 5

5 cos’ xdx 5 8
4. Iz - - 5. j 5|x+2|abc 6. j |x—5|dx

0 sin” x+cos’ x - 2
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T
1 n - 2
7. J.Ox(l—x) dx 8. j0410g(1+tanx)dx 9. J.Oxx/2—xdx
T T
10. I02(210gsinx—logsin2x)dx 11. jfﬂsinzxdx
2
. xdx § .7 m s
2. : 13, [ 2 sin” xd 14. [ cos’ xdx
01+sinx ’7" 0
T
5 sinx—cosx x «  Ax
15. [ ?—F——dx 16. log 1+cosx)dx 17. | —=——=dx
-[0 1+sin x cos x '[0 gl ) '[0\/;+\/a—x

18, [ [x=1]ax

19. =wisw & [ f0g(ode=2[ f(x)dx, 3 f 3 g B f() = fla—x) T
g(x)+g(a—x)=4av‘ wq 4 gftwfud fean 7o 2
Y99 20 TH 21 | HEl IW HT =99 Hifrul

T
20. jfn(x3+xcosx+tan5x+l) dx T HH 2
2

(A) O B) 2 ©C)rn (D) 1
21. .[Elo (dex 1 HH 2
0 4+3cosx
3
(A) 2 (B) 1 < 0 (D) -2
fafaer 3qrgvor

ISTEIUT 35 Icos 6x +/1+sin 6x dx Jd HifST
T =1 + sin 6x, T W df = 6 cos 6x dx

1
g‘g‘i‘a‘q Jcos 6x+/1+sin 6x dx = %J-tzdt

3 3

= lxg(xﬁ +C= l(1+sin 6x)2 +C
6 3 9
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1

4
3ISTEIUT 36 j(x _Sx)4 dx T I
X

1

(l—*)4

W%ﬂmwﬁ%%.“@ x)4d J' dx
3Ad 1—%=1—x73=t,1@ﬁ ‘T{—4dx=dt
X X
1
e j(x _x)4d = It“ dt
x
s s
=—x—t4+C=i(1—i3)4+C
15 X
I Xt dx
3STEIUT 37 G DCtD) T hifeg|
x4
: =x+D)+——m——
G RIE R aC vl ey —"
- (x+1)+;
B (x=1D x*+1)
1 A Bx+C . .
o (x—l)(x2+1)_(x—l)+(x2+l) % w9 SR w9 8
Tgfaq I=A*+1D+Bx+C)(x-1)

=A+B) x>+ (C-B)x+A-C
T el o ORI I el i W EH U € T A+B=0,C-B =023k
A—c=1,ﬁﬂ@wgﬁm%ﬁsA=%,B=cz_%
A, BT C& AF (2) H gfaeenfyd & W 89 U@ @ &

1 1 e
x=D&*+D 2(x=1) 22+ 2(x*+1)
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(3) &1 (1) ¥ gfaeenfud 9 W 89 94 © %

x* 1 1 x 1
5 =(x+D+ 573 -—
(x=1) (x* +x+1) 2x=1) 2 (P41 2(x* +1)
4 2
1 1 1
[ al dx="—+x+=log| x—1|-—log (3 +1) == tan"' x+C
x-Dx"+x+1) 2 2 4 2

1
33T 38 J[log (logx)+ (10gx)2:|dx M ifST

1
T HE g I—_[ {log (logx)+ (logx)’ } dx

— jlog (log x) dx + j dx

ogx)
ST, Y9 GHIHeT § 1 1 T5did o & ®9 ¥ od &1 99 @e9: e 9 84
Id § TR

dx
X dx+ J (o x)z

J‘ dx
(logx)’ .. (D

1= xlog(logx)— I *logx

— xlog (log x) — Ilogx

d.
T Ilogx,mﬁwﬁm,laﬁ%ﬁawazmﬁaﬂmaﬁI@fw:

fafy grR1 HHRe HIST, 39 YHR B9 9@ § TR

dx X 1 1
.I-logx = |:10gx_jx{_(logx)2 (;)} dx} (2)
2)F (1), % W@ WET I

dx dx
1= xlog(logx)— +
g (logx) log x 'l.(logx)2 J‘(logx)z

= xlog (log x) % 4cC
log x
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IETET 39 j[ cotx + tanx]dxsn-cr Fife)

Tl B9 UM © TR Izj[ cotx + tanx}dx=Ix/tanx(1+cotx)dx

Aq tan x = £, W W sec’x dx = 2t dt
2t dt
A dx = 1
1+1¢
1 2
qd I= J.t(1+—2)—t4dt
t7) (1+17)

1
GE I1=2 = -1 _ an ! 3
J.y2+(\/§)2 2 tan \/E+C N2t \/E

— 2 tan” 1[\/_IJ+C J2 tan” (%J+C

2xcos 2x d SF:
smxosxxg_n_d |

338Ul 40
\J9 —cos* (2x)

 OM e I=J-s1n2xcos2x d

V9 —cos* 2x

3 cos? (2x) = 1 W@ W 4 sin 2x cos 2x dx = — dt

ESIGlY :_—j ———s1n I(L +C:—lsin_l{lcos2 2x}+C
4 3 4 3

+C
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3
IETEITT 41 I_Zl|xsin(nx)|dx 1 A A1 i |
xsinmx,—1<x<1% fag
el = |x sin x| =
& f | | —xsinTCx,leS%a'TfFl'Q
3 3
2 . Lo 2 .
T j_1|xsmnx| dx = j_lxs1nnxdx+jl — XxsInT x dx

3
1 . - .
= .[ 1xs1n71:xd)c—J‘12)cs1n71:xdx

T Uy % S GHIREH] 1 GHRAT I T BH I @ R

3
3 . 1 . 2
) . —XCOSTX sSInTx —XCOSTTX sSInTx |2

|xsintx|dx — + - +
1 = 2 ' 2

295

T oL T T :
RN
T n ©n n°
X dx
IETETUT 42 j HT HA A€ HIU
0 a®cos’® x+b*sin* x
xdx n (m—x) dx
Wnﬁaﬁﬁqﬁsl_j —I

0 g% cos® x+b’sin’ x

0 q? cos*(m—x)+ b sin*(m— x)

(P2 SN W)

J‘n x dx

TCJO 0 22 2.2
a’cos® x+b*sin® x a cos” x+bsin” x

m [ = -1

0 a®cos® x+b*sin® x

T dx

2 2 2 .2
0 a“cos”x+b"sin” x

3d: 2I=7T.[
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T
Ten dx 1t2§ dx
,[02 2 2 .2 EI
a“cos“x+b sin” x

Yl I=— =
0 a?cos® x+b?sin’ x

2
(P, % I H)

dx
2

a®+cos*x+b*sin® x

[
4

:nj 2 2 +
0 a +cos® x+b%sin’ x

A 03

cosec? xdx

a® cot® x+b>

2 +

T
j sec’ xdx
04 +b% tan’ x

B[ oA

1 0
- T .[a 2,2 02 .!. 2 2+b2:|(TF@"Itanx=t3ﬁTcotx=

au

i [ 1 bt:ll i [ 1 au]o
=—1|tan — | ——[tan —
ab a |, ab b |,

T l: b 4 a]
=—/|tan —+tan —
ab a b

u)

1'52

" 2ab

EITT 7 UT fafaer gv-maeit
1 924 9% o 9 o Bl sl THhE hifeg|

Cox—x © Jx+a+Jx+b
1 . a 1
3. ﬁ[ﬂ%:)é:;@'{] 4. —
ENEN (xt+1*
1 . 1 1
5. l 1 [Ea)il, 1 1 = " . , X = t6 ‘{‘@q]
x2 +x3 x2 +x3 x3[1+x6J
S5x sin x 5logx _ 4logx
6. —— g S 5. Loze
(x+D (x"+9) sin (x—a) eologx _ p2logx
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COS X sin® x —cos® x 1
V4 —sin’x 10. 1—2sin* x cos® x 1 cos (x+a) cos (x+b)
X’ e’ 1
12 Ji— 8 B reyerey M @rnad e
15. cos’x eloe sinx 16. e3lo=r (x* + 1) ! 17.  f’(ax + b) [f(ax + b)]"
1 1-+x 2+sin2x
18. 19. Vx 20, =,
\/sin3xsin(x+oc) 1++/x 1+ cos2x
51 X+ x+1 55 tan! 1—x
. T3 . tan”,[——
(x+1)* (x+2) 1+x
2 2
Vx“+1|log (x”+1)—2logx
23. [ - :'
X

24 9 31 9% o ¥l 4 Afv=ad THehedl &1 99 A9 it

—sinx L
24. J‘ [ de ’5. _[4 SIBLX COS X, Moy J- cos” x dx

1-cosx 0 cos* x+sin* x 0 cos® x+4sin® x

T .
27. J‘3 sin x + cos x 3 SInx+Cosx

dx 28. 29. P E——
\/sin 2x A J-\/1+x f IO 9+16sin 2x o

T
30. j 2gin 2xtan ' (sin x) dx

3t [ (114 lx-21 410 -3) dx
ffeiaa =i fag it (79 329 39 @) |

3 2 2 1 x

32. J- ZL=—+log— 33. J- xe'dx=1
Ux“(x+1) 3 3 0
1 T

34. j x7cost xdx=0 35. J.Zsin3xdx:2
4 0 3

T

2 L. T
36. _'-042tan3xdx=1—10g2 37.j0s1n 1xdx=5—1
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389 40T o YAl B FEl W HT TIT Hifo4|

38jdx T 2

39.

40.

—X

e +e
(A) tan™! (%) + C (B) tan! (e™) + C
(C) log(ef—e™+C (D) log(e*+e ™M +C
2
[ ar w2
(sin x+cos x)
-1
(A) —+C (B) loglsinx+cosx|+C
sinx+cosx

1

(C) loglsinx—cosx|+C (D) (sinx +c0s x)?

Z|'i=<f(a+b—x)=f(x),?|3f j:xf(x)dx TR 7

a+b a+b

(A) j f(b—x)dx (B) j F(b+x)dx

a+b

(C

) 7 pds

qrIIT
qUTehe, 3Tdehel o1 okt WehH T | Yol TG | eH Ush el feam gen
B § SR €W TH ol 1 STaehersl AUl 3feshel TG T Bl @ W

AR T § &H Teh UHT e id S Bl € TSkt steehel feam gan
B B| 37d: WHIhEA Uk UHI YhH ® S {oh 3feeher o1 chH €l

T it B %F(x):f(x)_aa w1 [f()dx=F(0)+C forad %1 3

IR AMR=d GHRe SA2el SA19e GHIRA FHaad &l C THIRe 3=
FHeeldl 21 37 Gt GHReHl | Tk 3=’ 1 S Bl B
Affyerd TR o Fw TuH fFrefafed 2

L[/ @ +g@ldx=[f(x)dx+ [ g (x)dx

2. Rl off arafas wemk, & fwzj.kf(x)dxzkj.f(x)dx

sk SuHd:, AR [, £y forons £, BT & Ak, kypeok , AR
e € @
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_[ [k, i)+ ky f5()+...+ K, f,(x)] dx

= ki [ A de+k, [ (0 dx+..+k, [ f,(x) dx
¢ T YTHITUTR THIR

n+l

X
. " gy =
® Jx * n+1

+C, n=- 1. faferea: Idx=x+C

(i) ICOSxdx=sinx+C (iii) Isinxdxz—cosx+C
@iv) ISCCZde=taHX+C v) Icoseczxdx=—cotx+c

(vi) jsec xtanx dx=secx+C

dx _ .~
(vii) Icosecxcotxdxz—cosecx+C (viii) JP—sm x+C
—x

d /
(ix) .[ i =—cos”'x+C (x) '[1+);2:tan lx+C
(xi) B (i) [e'dr=e"+C
di=—"icC ~ 1
(xi) [ @'dx= 10ga+ (xiv) I;dx=10g|x|+C

¢ 37T =t gRT |HTeRe

TR FINT fF T IR e g((x) T Sgusl 1 U © S P(y)
X

R Q (x), x % TEIR 3R Q (x) 0. A FTgIL P(x) 1 ¥ TgTR Q(x), i
od | fus ? d 8H P(x) ® Qx) ¥ fawifsd ww@ ® aifw

) T()+P(x)$mﬁﬁ@wWWT(x)@a§qﬂéaﬁI
Q(x) Q(x)

P,(x) ! B Q(x) T TG ¥ FH 2| 9gI< & o RV T (x) H HHHTH

AT § T TR ST g 2 %ﬁﬁmﬁfmwﬁwmﬁﬁf
X

o AR o ®Y H o hid Y SHRT T WA (hAT S Hehdl B

1, Pte A&,

,a#b
(x—a)(x—b) X—a x-b
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px+q A B
2. 2 = v 2
(x—a) x—a (x—a)
2 hgx+
3. Pr 79t r = A + B + ¢
(x—a)(x—=b)(x—c) x—a x-b x-c
e A B
A px +2qx+r _ + _+ C
" (x—a) (x=Db) x—a (x—a) x-b
S px+gxtr _ A, Bx+C
C (x—a) (P Hbx+e) T x—a X +bx+c’

&l X% + bx + ¢ % A AR UFEE & FRT W1 Fehd |
¢ Yfaeemua gRT WHIhe

TR o =R § IREd U U §Hehed i fohdl Th STHRYA HHehed |
wfafda 2 a1 21 7 fafy e &1t =) *1 et T = o uiefdd s
& ieeres fafy wedrd 21 9 GHhed § o Behluiiidig e aftmfd
g @ & THhe A1d i o fau e guifed ud aftentsti &1 I &
& wfaeemy fafer 1 Svam #d gu gn fefated grfores gamemer s g
FW T

(1) _[tanxdx=10g|secx|+C (id) _[cotxdx=log|sinx|+C
(iii) _[secxdx=log|secx+tanx|+C

(@iv) _[cosecx dx =log | cosecx —cotx | +C

+ Fo fafvre weml & aHeRe

dx 1 x—a
i =—TIlo +C
@ sz—az 2a . x+a
dx 1 a+x dx 1 _x
o =—1Io +C =—tan —+C
G [=—z=o7lo8| (i) [ =t
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.1 X
=sin"! Z+C

dx
rew I

=loglx+x*+a*1+C

x+\/x2—a2

@) | =log

dx

/ 2 _ g2
dx

o 17

¢ WSIT: U
fau gu wer £, @en £, % foU 'W ww e €

[ £ for)dx= i) [ fo(x) dx - [%fl(x).jfz(x) dx}dx, Aofq 3

el o U 1 THRE = YeH e x fgdid %ol 1 Furher — { e
el Skl Akl UTeh x fgdla et o1 FHIeherd ) 1 HHREH . Y| Hed
s fgdta wer o 99e | greur W S1fE) SR g6 U8 el & fgda
W o ®Y § oA =fey e Hehed e wfa-wifd 96 2l

¢ [e'lf )+ f(ldx=[e"f(x)dx+C
¢+ o fafvre v o wuTeReE
2

©) I x2_0ﬁd)€=%m-%log i —d®
2
i) [N e de= N + L tog|x e
2
(i) jmdx%m%sm_gw
a

dx .
&Y ¥ frfafea fafu grr ofafda e s w2

2 2
ax* +bx +c= a[x2+éx+£}=a x+i + f—b—z
a a 2a a 4a

px+q dx px+qdx )
(v) Iax +bx+ca:m—onj\/ %wu%w-uehmdlﬁuﬁrrﬁlw

ax® +bx +

®q § ufafdd feren S gehdl o

+C

+C
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px+q=A%(ax2+bx+c)+B=A(2ax+b)+B,AHQJTB‘°Fr1=r|=rEn'd

F% o foAw <A gel @ Okl T o wt Sl 2l
o @ [ fx)de F, T y=f(, a<x<b, x50 T HA x=adr=b
T feR & o &% o &9 H gRefid fman 21 9 AT (g, 5] H x T g

%aaj:f(x)dx&iWWA(x)ﬁﬁKﬁamélamwﬁ

GehouT eH el &1 SHREd THT 1 3R Frefafad €9 & 9 &t 2
¢ TUTHEH WU hi UUW MURYA WHT OH ST fF SAwA W

A(x):J-:f(x)dx, V x> q, 51 IR € el e £ Saue [a, b] T EHad

e HET T B GEA () =f(x) V¥ x € [a, b]
¢ GUTEREE Ut St Tgdia aRye wua
A ST foret i a0 [, b] R £, x 1 Gad Bl € IR F U SH ot

5 ot %F(x)=f(x),f ¥ W ¥ W ¥ fE, T

b b
ja f(x)dx=[F(x)+C] =F (b)-F (a)

T ARG [q, b] R f <1 Tf¥w R Headl € el a 91 b GHIehe
1 A weerd € o T Him sweerd € SR bl See W wed 2

— ... —
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(Application of Integrals)

¢ One should study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. — BIRKHOFF +}

8.1 9{['\'-'!75[ (Introduction)
sofHfa o, BHA I ool wHed wqds T gw
gfea fafa= snfadta oehfaat & &owa &l
o foau g= 1 e1eaed fhan @) arafaed Sfted &1 e
st o fau ford o AI9E 9 36 YRR oh A qd
g g1 IRfas sfafd o g #) gemd § w9 o
THROT SATpfaal o e &1 TRead HX Fohd T
TR A A gohl g PR &F%a & dReped o fag
i € g8eh folt s GHTsher TG sl o Gehouistl
%1 STERFehal M

frsa 1A o g9 IThe i 9 o &9 ° MivEa
TRl 1 I &d FH7T T y = f (x), Hifeat
xX=a,x=bTd -3 ¥ R &49%a 1 I R I

A.L. Cauchy
(1789-1857)

e T 21 59 1A § €W WIERU e o Sfaiid, WXt @nstl U g, weer,
TNl regl (hdd e €9) i =190 oF ore SR &% i J1d i oh foT THERel
% TH fafdre SAquam 1 s1eaA F| W gkl ° R &F%a i o [

8.2 |IETUT aghl ok 3Tt é‘:ﬂ?ﬂ (Area Under Simple Curves)

s e § B9, AMTHA &1 W o €9 H FREd SHehed T8 wod i STERYd
TH T SYANT Y gY T e 1 ufisher Shd fepen ST, Wi stema femen
21 379 BH GH y = f(x), x-3& T HIEA x=q a0 x=b ¥ BR &Fed A1 J€@ HH
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FT TEE TS FaaE ° W fafy wt w=t wa X

2 8.1 ¥ TH Tk oh Tl esIhel i Y=

a@agﬁwwswfma@ﬁtﬁ;ﬁ'@ S | s

faffq om g ®1 ySEE W dx A9k

el T e T W R A, e aA | g

(e el 1 &) = ydx, T y = f(x) I x=b
Tg &kl YR &he Hheddl © St X<l p i QX

fr &9 & i forell wes feafa w wenfm YV SR 8.1

? Wd o1 bk HeA x#WW@W%IWy:f(x),Wx=a,x=b
T x-314 ¥ o) &3 o il &9%a A Fl, &9 PQRSPH |+l qaeh 9feeai o &=hal

% ANTHS o IRUMH & ®Y | 2@ Tehd & Hichideh y

AT H T W T UER A F e A oy=d
A= [laa=]"yax=]"f(x)dx \
X
Wx=g(y),y—31&111_°f5\'@ﬁy=c,y=d@ﬁi$l dy \
1 el T 9 gR1 9 fehan S 2 Zx=g(y)
_ d Jy = d J _
A ny I g(y)dy X y=c X

aﬁ%ﬂ%ﬁﬁwﬁgﬁwﬁaﬂmﬁ%%ﬁﬁ NI CAEP)
STpfd 8.2 H <t A R

feauit afe =fda o *1 feufd x-e1e1 & = 2, @ <tan fw smepfa 8.3 o <wrtan
W%,G%‘?x=a@ x=bdHh

£(x) <0 T8 fw gy 9, A
x—ﬂ&?@ﬁfiﬁx=a,x=b1}|

R &3 &1 &R FOTCHSE &l /
W%,WEWQ’TW X~ 5 X
e W A € S - Ax=b
| THfeTT A aprhe e ~ ®

€ Il 59 THeh fRue 1M, s1eiq v

i o 2 Y’ 8.3

I e a
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YHI: T 81 Gohdl € foh ah 1 F9 9N x-3981 & SR 8 a1 FS AN x-378] o
= 7, St fR omeRfa 8.4 ® wwiien W €1 ARl A, <0 T A, >0 7, THAT T
y=f(x), x-3& T FIfA x=a TN x=b ¥ fol &% 1 & AGT A=A |+A,
SN 9w fehan s 21

Y
N
A,
x=b
X 0 >X
X =da
4 Al
Yl

TR A 8.4
SETETUT 1 g9 2 + )= @> 1 TR T i

&1 Sepfa 8.5 H U gU 9@ § forl gu & 1 el &kt
=4 (ST g =k, x-31& TG HifA x=0TqMx=a ¥ R & AOBA T &%)

[Rfeh o x-37&41 T y-318 AT ok v
uftd: qafd 2] B|(0, 0)
=4j:ydx (Seafer feea! e BY)
y
=4[ Na>-x* dx, » L lawo,
(0]
Ffh 2+ = > ¥ y=tVa’ —x* yra g 2 o
S@r o &5 AOBA oM =iqerfen o @finferd €
TAfeTy y 1 AT fordl Sl @1 WHIehed i
W U gC 99 ¥ fo e frefafed 9 # Y
T Bl 2 3T 8.5

2 @ 2
=4 ﬁ\/ﬁtz—x2+d—sin'lﬁ =4 (£><O+a—sin1 1)—0
2 2 a, 2 2
2
{25
2 2
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Tereheua: S@1 6 erepfa 8.6 § <wfan wn € Y
&t ufegal w1 == v g 9 g fR & B|(0, a)
FA AR

= 4j:xdy = 4.“:\/02 -y’ dy (F?) dy
:4{2«10 -y +%2s1n1y} X< o
0

a

2
= 4| Zx0+ Lsin'1]|-0
2 2

, 0
Ala )>X

v

a T 2 Y’
=4——=ma
22 3TTeRTd 8.6
2 2
SaTETuT 2 Ao x—2+Z—2=1@fsﬁ%aaﬂ
a
GAHA T TG HITT

%ol 3Mhfa 8.7 H defgm @ R & ABA’B’A &1 &5%d
[ﬁ?gﬂa&z x — 378, A x = 0,x = a §RI T TG 7'

iR &5 AOBA &7 &15T%eT
(Fiifen e x-2181 WE y-318 S oh i THIHG @)

= 4T ydx (SeafR UE:fZﬁFH@'Q)

2

wx—+—:1@ y—+—\/a —x I g1 €, W &9 AOBA werd =iqefer 9 2
sﬂfwzyaﬂrwmsrm% Waﬁwaﬁw

—4J. — Cl —X dx B|(0, b)

ﬁ& ™~ Tsml_} o /%A
a ’ L X
a2
ﬁ —><0+—s1n 1]1-0
2 2

a B (Oa_b)
ﬁa_ E—71:atb 2l Y
a 2?2 TR 8.7
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Torereua: St fom emrenfa 8.8 o gwitan e @ aifast ufeeal 1 == s gy el
EARER TS|

= 4I;xdy = 4%_[;\/@@ (A1) (0, b)

B
— 2 b dy X
4aly 3 >, by ‘
=—o/| =A/b" =y  +—sin = A/ A
o y 2 b 0 g ! X
B

Y

L (-a,0) (@, 0)
4a [ b bz .
= (5x0+75m l1)—0] "1(0,—b)
2 v
. TR 8.8

| woeTeet 8.1 |

2 2
1. aaqa%%:l@faimwaawmaﬁm

2. aﬁqa%z+%2:1@ﬁi&ﬁaﬂ&immaﬁm|
Y9 3 TS 4 T e ST H TIT HIfST;

3. 9om ugUlel W g9 2+ )2 =4 Td Wiel x =0, x =29 R &7 #1 &9 2

T T T
(A) ®) 3 © 3 D) 5

4. Ty =4x, y-AG 6 WM y=3¥ R &5 T ehd 8:

9 9
(A) 2 B) © 3 (D)

fafaer sergvor

3GTguT 3 i@ﬂy=3x+2,x—31&T@aﬁﬁ'ﬁx=—1@x=1@ﬁi&%fw gHA
1 it
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T S R STfa 8.9 F wum TAm ¥, X
y=3x+2,x—3‘l%17ﬁx=%2mﬁqﬁ?ﬁ%3ﬁ?

XE(_L

;Z)asmwm@x-mawﬁ

2 qen xe(%z,l) o T ST MA@ x-278
Y S 2

eI &erhel = & ACBA %1 &hel + & v
ADEA &1 &5%d 3TeRfd 8.9
-2
_|[ 3 Gx+ 2+ | Bx+2)dx
B
-2 1
3x’ 3| 3x7 1 25 13
= || =—+2x| [+|=—+2x| = —+—=—
2 4 2 2 6 6 3
SEEI0T 4 x=0Td x=2n7h HHA THh X
y=cosx@ﬁiéﬁﬁaﬂaﬂma§lﬁ$’l\ﬁﬂl A E
T PR 8.10 W, A= &Twa \ /‘
B D 2n
3n F

= & OABO &1 &9%d + & BCDB &1 X<g T p 3n
&% + &% DEFD 1 &5 2\_/2

YA 314 e ¢

3n

P 2
J cos xdx +.[3n cos xdx

T[
.[02 cosxdx +

SRR

2
T 3n

= [sin x]oE +|[sin x]ﬁ7
2

21
+[sinx]31t =1+2+1=4
2
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e 8 WY fafaer wyonaeit

1. XU gu =i wd st ¥ R & &1 &Fhe T S
() y=x%x=1,x=2Td x-31&
() y=xx=1,x=5TIx-AA
2. y=|x+3|aﬂw@ﬁqqefjf6|x+3|dxwmaﬁﬁm|
3. x=0Wx =207 Tk y=sinx ¥ R &7 F1 &% A@ HifeC
495 qh o YT H TR STR T FIT HIfST:
4. Wy=x3,x—31&111_0f3lﬁﬁ'q3fx=—2,x=1@ﬁl'\{&§3[aﬂW%:

— 15 17

(A) -9 B —~ © = D
5. Wy=x|x|,x—31%1@Wx:—lﬁ%x:l@ﬁﬁﬁﬂaﬂﬁm%:

1 2 4

(A) O (B) 3 ©) 3 (D) 3

[Hehd : y =223 x> 0Td y=—x2 A€ x < 0]
qRTIT
¢ ThHy=f(x),x-AT & WA x=aqM x=b(b>a) ¥ R & & &ThA HI
g dme = [ yde=[ f(dr #1
¢ Thx=0(y),y-318 W& WA y=c,y=d ¥ R & & &A% & A
gt = [ “xdy=[ ‘0 ()dy 71

efagTiies gy

AR T T YR T o YR T el 9 & g €1 98 WA e
iRl g faestaa favwar fafy @ emenfia €1 =@ fafu 1 9RY woden
Trepfaal o ehel I 319 SEqgetl o ST i TUFT W g 39 X o s
fafer, gurerer faftr =t yrfqes feorfa o &9 § Tt s gehdr 81 e fafy
#1 Galehe fam IRfas *1a ® e (Budoxus (440 3. 7 3R snfhfads
(Archimedes (300 S. 9.) % ™ & 9 g31 B

e o THGId 1 G 9eh1d S61 o 9¥ar 1781 Saeal ¥ gafll ¥ 1665
ﬁ?{ﬁfe{wq’{ﬂwwwm(Theoryofﬂuxion)aw‘wﬁqﬁﬂﬁ?qﬂ
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I 38 fagid &1 ¥ 9% & fopdl fog ® waeff 3R awa-fean 9@ 6 o
el =2 7 JoRH e 1 UROT W UREE A IR 3ER] WfdsTashers
(A= R ed) a1 ¥ &t Fohd faftt (Inverse Method of tangents) 3T
BILCIURCRI

1684-86, o el & wieti (Leibnitz) 9 Th 9951 Tehel SUTSANIH (Acta
Eruditorum) % FerT fema iR 38 hefaerd THRIRGE (Calculous Summatorius)
W fean, i 78 oTd S &%l o ANEA § Fardd o, 98 W 32 39
IANThel o Yok < g = TR 9 1696 €. H $=I9 S e (J.Bernoulli)
o YA I AMERL A9 YIS hl Eﬁm geutelt (Calculus Integrali) 9 #
gftafdd s fean 98 =g g Skl st gokd fafy & §1a ol

A 3R Tafst M A qoid: s "/ ST S qera: fae o qenfa <9 <
o fagidl o T g qo@H I T ot 3 e qeehe wt eRon 6
TR TRl
Te fafvad o 3= & gdvem gfdstashas iR Y= Taeher o o= o
Y i TT=qA TR

ferd 71g @ o uTeher IO ok SR IROnSH, Fagidl qen steeher T
¥ 5Ueh IR Gaul 1 faenm fEl wHl, =, IR wat o wE g 176
I o oid W gl qenfd sEeht siifecd, WA 1 Hehouwd 1 & SR W 194t
IS % URY H TUAHEN (A.L.Cauchy) & g1 foan mam o7q & <ft @it
(Lie Sophie) =1 ffeifEd S0 9of=4 €1 "It may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".
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3Tdhel HIRIUT

Differential Equations

s He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT <

9.1 yferT (Introduction )

Fen X1 UF 39 T o 1A 5§ gH =i @i off, TR
Teh Tofdsl =R o Hiel TRl wer f kT Staehers ohd T
fohan T © e foredt e £ Y aRenfod wid & g
x o fau, f/(x) 8 @ e S 21 gEen sfafted
TR T oF STEAE § g o« ot off, fm afs fRet
W f ol 3Tk ®ed g ® df Beld f ohd T T
STl 5! e ®9 § ges R <1 e €
fordlt fau gu oM ¢ o foau wem f 9 HifSe @
dy
==
HHIHI (1) o &Y FTe] THIHI i STahel THIH
HEd ¢ ST AT g &g o & S

g(x) W'l y=f(x (D

Henri Poincare
(1854-1912)

IThel THIRTON 1 SUAM q&T ®4 § difqent, WA foae, sta famm, e
T, fermm, srefemes enfg fafa— e # faran San 21 o7d: @t sty S=faes
SN oh feIU Sferhel THIHTON o T ST 1 3[dd SAEvIhdl 81 39 37249 ¥,
B SThe HHIR i FS URA HehodA13H, STThel THIHI oh e Td [drre
T, STFhel FHIHT H1 A0, Yo Hife TS YoM =1 oF 3Taehal YHIHIU i T
1 o fafuat ik fafir= &= o stawer il o o STA & aR § 77T |
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9.2 TTURHA WT@ (Basic Concepts)
T Tedl § @ et R o weieon 9 qitfea @

xX-3x+3=0 .. (D)
sinx+cosx=0 .. 2)
x+y=7 .. 3)
afrzn frfafed gHeor | faar &1
dy
“Z+y=0
xdx Y

(4
9 U © T gl (1), (2) w (3) H ohaa Tods veAEn S =) (TH
1 SAfereR ) TTHe & Sa fob THieRTor (4) | =X o We-T12 T3 = (x) o |ruel Siea
X (y) 1 Ferhersl St el 1 3@ Yeh 1 GHIHTOT Yeohel HHIHI0T Heeldl 2l
T4 Teh T gientor, ey Tads =X () oF |Hey STisd =R o STdhels
qftaferd &, sTaehel GHIHu Heaa 2l
Teh UHT 7aehed THeT, TS ohaet Weh Tads =R oh 919ef, T3 =R o STaehars]
gftafad i, SM g TR Feard ¢l Saeuadl
25+ 7] =0 . (5)
T AT ST GH B
f:a<E T ot sTerhel GHIH B © TS T § 3tfueh Tords =l o |y STaeherst
I B, 6 YR & STaehdl THE i STaehd GHE el 1 ofed 39
TR W BY 39 379 ! chalel WM 3Tdehel THIHION o 7e99 deh Hifdd Wil 399
3N BY UM 3T9ehel THIHLUT o U STaehel THIHI0T 35 ohl &1 ST hif|

1. BY oo o fau freafafad Serdl oF SYFT &1 sFar <0

ﬂ_ /d_zy_ //ﬁ_ ”s
dx_y’dxz_y ’dx3_y
2.3@@%%%&?%%@,@%3@%%(@%9@mwéﬁm
ﬁwmwﬁwmwﬁmﬁﬁﬁmﬁwd—f%mwm

Y, 1 IR FL| dx
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9.2.1 3VTGehcT GHIHIUT &1 IS (Order of a differential equation)

fordt 2TaeheT THIRTOT &l hIfe S Thel THIHI § GiHfad Toqas = oF T e
=X o I=AdH FIfC o STAhelS 1 it gRI TR gt 21

frafafad faeme gt W fo=m wifea:

dy _ .

=e .. (6)
dzy

?4‘)’:0 )
Py L (dyY

o (Wj =0 .(8)

THERTT (6), (7) T (8) H A YoM, fgdfiar wd qdig wife o I=aaq Tashast
Iufterd & Tafelt o GO &1 ife %99: 1, 2 @ 3 2

9.2.2 37Tk THIHIUT &t T (Degree of a differential equation)

fopet sterhel THiERTOT 1 WG 1 A H % U ged fag 97 © fR ow steed
IR, STFhas v, )7,y T | SgUR FHR0T AT =1fev| fefafed aHimo
R fa=r ?ﬁﬁ'ﬂlz

d3y d2y : dy
—=+2| —5 | —+»=0
dx’ (dxz dx - (9)
(d—y)z +d—y—sin2 =0
e . y= ... (10)
dy . dy)
——+sin| = |=0
dx [dx . (1)

&1 Uferd e € fop Wit (9) v, v/ e ' | gUR WHIRLOr 81 HHiehOT (10)
y ¥ agTe gt 2 (Fafl 9 y W agug Tel §) 56 YHR o 3feshel THIHION 1 B
1 IR feran ST ekl 1 g THERTOT (11) ' W TgUE THIeH e € IR 36 WK
o Sfeehel THISHTOT shi WG bl TR &l fohan S wehan 21
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I Teh SFoehel THIHTUT STaehersl 1 agU8 THISHTO & Al SH STaehel YUl i
oA 9 FHN 00 © SH STl GHIHT § SUed STuaH il oh Sahers i SoadH
oA (¥ATHS U7

I AR o Hed | ' Ufad Y gehd © o S (6), (7), (8) U
(9) W ¥ Uik 1 S 1 €, THISRIOT (10) o1 ¥ 2 § W& foh eraehel Wil (11)
CARCICRCITC I E LR

| femrott| ot srema wier ® ®ifE w oS (A uRefid @) sEem
TS Ul 1 2|

sareter 1 frefafed asa gl § 9§ g&ie &1 wife ud = (afe oty 8
Eﬁ‘clﬂﬁrl"lz

dy d?y (dy)z dy
i) ——cosx=0 i) xy—+x|—| —y—=0
® dx ®) dx® dx ydx

(iir) y”'+y2+ey'=0
&l
() 39 sFahal GHiw H 3Iuferd 6tﬂdHaﬁﬁaq%mw%%|WW3ﬁﬁ

1%|%y’ﬁﬂ@ﬁﬂﬁw%®%ﬁﬁwaml%,wmww
G0l 1 o 1 R
2
(ii) wmﬁwﬁwﬁaﬁﬁmﬁﬁw%%msﬂaﬁﬁﬁ
X
2 2
2%I%Wﬂﬁw% @%ﬁwuﬁw%aﬁt%ﬁﬁw
X X
HIdish | 8, TEfGY 30 37oehel GHIHOT i o6 | 2l

(i) SE foehe THIHU ¥ IUMEY S=eaH HiE SRS y” €1 SEAY TR HIE 3 B
o9 TSR 1 R Ue STashersl o Sgue Tel ¢ gHfee shent u uRwift el 2

| wroaraett 9.1 |
1 910 T o Yo H e Tashal FHIG0 i Shife Td = (Afs qRefoa &) 9
|d4y ds\* d’s
1. y+sin(y”’)=0 2. Y +5y=0 3. [Ej +3sd7=0
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2 \2 2
4. (d_g’J +cos(ﬂj=0 5. d—gzcos3x+sin3x
dx dx dx
6. O +O0P+0)Y+y =0 7. 9 +2y"+y =0
8. yYV+y=e 9. V+()?+2y=0 10. y"+2y +siny=0
11. I TR
) 3
(£2] (2] s )10 7
dx dx dx
(A) 3 (B) 2 ©) 1 (D) ufRtwifag =& ©

12. aawwﬂwzzdy 3Zy+ =0 I FIfe B

dx*

(A) 2 (B) 1 © 0 (D) fefom & 2
9.3. A WHIHIUT il Uk Ta fafyre & (General and Particular

Solutions of a Differential Equation)
et wensti # gw frefafad TR & Sl %1 gt fwmar 2:
X+1=0 (D
sin?x—cos x =0 . (2)
WWﬁ(naaT(z)wza@Qzﬁwmawq&ww%aﬁﬁng
THEHIT Hl G FA € fq 9 3T TN H GHE § M x h W W
wiceenfad & 5o S @ ot ST v R o get oad H SeR B S g
G Tehel FHIH %+y 0 )
W fo=m % 2
T T TN o AUl 56 STeehel FHIshIUl 1 Bl U UHl BeH 0 @ S 39
THIROT Sl FE BN AL STd 59 Fe ¢ il 3Tahal THIRW H T y (T =)
o T R gfaeenfud Y fean S @ df St ger SR e ge SRe @l Wi 2
aqh y = § (x) SR THIHIU 1 B ok (HHERCM oh) shedrdl gl FrefarEa
e R fo=m &ifee

y=0(x) =asin (x + b) .o (@)
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& a,be R. I 39 T 3R 59 aharsi ol G (3) § gfaeenfya
fean ST ot =T ga SR <A 9at e B S §1 SHGT 98 We ekl THIR (3)
%1 B 2l

maﬂmﬁsaaﬁwm@ﬁmmmz@b:géﬁwﬁ%aﬁgﬁ
frAfafEd weF 9T g 8

y=0,()= 2sin(x+§) .. (5)
g T e 3R SHeh STaeharsil bl THIHTOT (3) | wiaeenfua s o s @t @ :
T 9 SR A U S B W €1 g o, ot W (3) 1 U B B
wed ¢ H T Wes 3R (W) a, b i € 9 9 %o XU gu st
THH F ATF B FEAM &1 Tk Ferd o, H HE o Wew S wfAfeq T&
2 ifeh qrerel o a2 b op fafire 7 Suftyd € iR Safery Sl aTeehel THISHTOT
fafere g1 &e1 S 2
T B, Ty @ e Sufted B 3foehel FHIehul S A% gl Hed 2l
T &, S Tes 3Rl 9 g € 31eifq oAk B § Wes ot i fafie e e W
W e, STeehel Gl 1 foIfiTe gl el 2|

2
d—2y+ﬂ—6y=0an
dx”  dx

JETETUT 2 FAMd HISC fh He y = ¢ ¥, 3[aehdl THIRIU
TH 7 2

o1 T goN e y= e B1 59k S Uel 1 x o HUel STaeshe il W eH Wi
FW B

% =3¢ . (1)
379 TR (1) T x o QU TA: STdehe & W 80 3@d €
dzy —3x
dx” =0
2
%,%aﬁywm,ﬁqumﬁuﬁwﬁamﬁmmmmﬁ%%
X

AT G = 9e ¥ + (<3¢ ) — 6.e ¥ =9 eI 9 ¢ =0 =AU
zafaT fean gen wor KU g eEehd GHiel %1 T 8 B
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SEENUT 3 FAMYd HifSC & ®eH y = a cos x + b sin x, 9H g, b € R, 3@

2

ELiEay %+y=0?ﬂ€ﬁ%|
X

&l T gen wer ©
y=acosx+bsinx .. (1)

iRt (1) o ST 9&l 1 x, o HOH ST kel HE T B0 2@ o
d

—y=—asinx+ bcos x
dx

d’y .
— =—acos x — bsin x
dx
d’y . . .
e zy TS y 1 g XU U Sfeehel iRt | wiaediiud s W 9 i ©:
x
aﬁ‘1&1=(—acosx—bsinx)+(acosx+bsinx)=0=§1’<’ﬁ q&

zafaT fean gen wor, U gu ofeashel THIeh0T 1 g 2l

| wTeret (9.2, |

1 9 10 T Y% T99 H FAMA iftae fof <31 g3m wed (T S19dl $TE0) |1
feTehel FHIHTOT T Tl B:

1. y=e'+1 : Y -y =0

2. y=x*+2x+C : Yy -2x-2=0

3. y=cosx+C 3 Yy +sinx=0
Xy

4. y= 2 : =

y 1+x y 1+ 2

5. y=Ax : xy =y (x=#0)

6. y=xsinx Do =yt iyt (x#0 x>y 3 x< —y)
)2

7. xy=logy+C : y=1_xy (xy=1)

8. y—cosy=ux : (ysiny+cosy+x)y =y

9. x+y=tanly : Yy +y'+1=0
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d
10. y= P2 _o2xe (—a,a):x+yay=0(y¢0)

11. =R Sife 9Tt fhelt sTaehel T o = gt | Suied Wes SRl % e 1
(A) 0 B) 2 © 3 (D) 4

12. oF ife o1t foreht stasha Wl o faftme sa1 o Sufterd @=s 1= &1
e ®:
(A) 3 B) 2 © 1 (D) 0

9.4, UAN HIfE TS WAH °Td o kel WHIHIUN ohl T i oht fafemt

(Methods of Solving First order, First Degree Differential Equations)

39 UR=E] | B9 YU HifC TS YW I o TEehal GHIGLUN i A HI H dH

faftr =t ==t wa

9.4.1 gezaamﬁw T aTet 3deheT THIHTUT (Differential equations with variables

separable)

Y| FHIfE TS YoH B ] Tahd GHIH FTEfariad €9 &1 8l 8

dy
X _F
- (x,y) . (D)

FREF (x, y) 1 TOF®A g (x), h(y) o &9 | AfqeTe fepan <1 Gehdl € 581 g(x), x A
T B 3R A(y), y 1 Th Hed € dl GHEO (1) YUERRINg wX ol e
FHeeldl &1 UH B T FHRT (1) i fefaiad 9 o foman s g 2

Y _
S =ho) .2 - (2)

AR A (y) 20, =R hl GUF A gL THRWT (2) Hl

1
Ty YEEwd - (3)

% ®9 Y for@l ST Hehdl g1 G (3) o A Y& h1 GHIREH G TR W F B

1
o) y = [ g(x) dx (@

TH TR TR (4), U U STeehel THie 1 gt ffefad 9 § 9eE i
Hy) =G +C . (5)

&l H(y) T G (x) A ﬁ@g(x)%qﬁw%aﬁxcﬁawél
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sereror 4 st whE D=2 (20w e Tw

dx 2-y
o fem mn € %
% - ;ji (v #2) (D
THteRTor (1) § =R 1 YUk HiH W EH W W 8
(2-y)dy=(x+1)dx . (2)

iR (2) o SHI Y&l 1 THRG T T BH W W ©
[@-yydy=[(x+1)ax

2 2
37 2y—y—=x—+x+C1

2 2
SREN ¥+y +2x-4y+2C =0
SR X+yP+2x-4y+C=0 .. 3
el C=2C,

R (3) STerhel THIH (1) 1 9F B 2

2
SETET0T 5 TRl GHIEHTOT %:i”z 1 SATF T T HIAU
X +Xx

T G 1 +y? 0, 38T =X I gorep Hd g A g3 STorshel gHiohor fefafaa
®q § foran s gl 2:
dy —~ dx
1+y* 1+x°

THRTOT (1) o <Al Uel w1 HHEhe i Y €9 UM €

J' dy :J' dx
1+ y? 1+ x?
SRE tan! y = tan"'x + C
g GHH (1) 1 A0F T B

d
SETETUT 6 3TIhdd HHIHITT d—i=—4xy2 1 faftte g@ 9@ sifve, Ik y=1 5@
x=0%
T ARy 0, & g3 Aokl iRl fefaiad &9 W fon s gendr 2:
dy

?=—4xdx o (D

.. (D)
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HHRTOT (1) o SHI Y&l 1 THROH i W BH U B

jdy 4jxdx
y
1
A — =-2x*+C
y
Yl = ! 2
y 2 )

G (2) H y=1 3R x = 0 gfaeenfud %@ W el C=— | 9w &l 2l
C &1 9 g (2) # gfeenfyd & W KU gu Taswha aHie &1 faftte g

1
e I Bl 2

sEEor 7 g (1, 1) 9 oA 916l T T doh 1 FHIHU Hifee a1 Tasd
TR x “dy = 222 + 1) “dx (x # 0) Bl

o Teu gu sroehel Gl i fefafad w9 3 sifere fean ST gehan 2:

y:

379 dy = (2x+ )dx .. (1)
X
HHRTT (1) o SHI Y&l 1 THROH F W BH | w o

1
Idy—j(2x+;)dx
7o y=x"+log|x+C (2
TRt (2) XU gu otashel THIT o Bl dohi oh el i FTEfUd Hidl & W
T TH %l o Uk U9 fafire gee w1 gHienor 9 e wed € s fag (1, 1) 9
T 2

* ﬁaﬁammaﬁm— [ ool §, de =gd W UM Ud Sl el § W

B, E%T%ﬂdxﬁ?dyaﬁmwmﬁaﬁmmﬁméldxaﬁidyaﬁqwqw

a1 WY B9 agd G UM 1 geque SAredl Y Hehd €1 §<¥: Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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FEfT R (2) § x=1, y=1 Fiaeentid se W ed C = 09w e &1 C i

A GHIRTOT (2) § Wfeeefid S W ed 9 a1 THIH y =2 + log| x| % &G
¥ W B 2

SEE0r 8 fag (=2, 3), ¥ 7o aTel UH aoh a1 FHIHIU T4 Siteg e fhdt fag
(x, y) T TT% @ Y Feor z—fél
y

A wamﬁ%ﬁ%waﬁ@ﬁ%@ﬁw%éawgﬁr%lsﬂm

dy 2x

i (D)
=R 1 YUk HId gL HHIH (1) 1 FrAfafad &9 § fomen s g 2

vy dy = 2x dx - (2)

GHRTOT (2) o SHI 9al 1 THRGH H T BH U i ©
jyzdy=j2xdx

3

STerET y?:x%rc - (3)

e (3) | x=-2,y =3 Afqeefud & W B C =5 < 8l 2l
C T | GHRTOT (3) | giaeenfud & W 8H A dh o1 GHieh

3 1
y?=x2+5 Foran y=(3x> +15)

% ®9 H Y Bl 2

sareor 9 fadt §% A gawA #1 9fg 5% aifdw F1 ) @ 7t 21 fhad T o
Rs 1000 =T 1f¥1 AT 81 SIat?

o1 A oifery el wma 1R gered PRI g8 9nen & SER

ﬁ:(i) X P
dt 100

dP P
YA E_Z_O .. (1)
THieRTor (1) ¥ =) 1 YUk i W, BH W Hd B

dP dt

?=2—0 .. (2)
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RO (2) o SF Y&l 1 THRO S W 89 UK i ®

t
logP=—+C
BT
*
SRl P=¢20.¢"
* .
Sreqa P=Ce?® (S&l .5 =C)
C P=1000, <4 t=0

P 3¢ o1 |F R (3) H T W 89 C = 1000 I 3 Bl
TEfT THieRT (3) § BH Wi i ®

P=1000
M ST ¢ oot & gere A e S €, 9@

2000=1000 3 = r=20log2

| FoTaett 9.3 |
1 § 10 9% o Y1 §, Y 3Taehel HHIRIU ] SATIH B 1A hiTsl|
dy 1—cosx dy 2
1. —= 2. —=44- 2<y<2
dx 1+4+cosx dx v y<2)
dy
3. E+y=1(y¢1) 4. sec’xtan ydx +sec> ytan x dy = 0
_ e dJ’_ 2 2
5. (¢r+eNdy—(ef-—e9)dx=0 6. E—(I‘FX)(I"‘)’)
d
7. ylogydx—xdy=0 g, X =y
dx
ﬂ_ in~! 2
9. dx_sm X 10. eftanydx + (1 =€) sec>ydy =0

. (3)

11 ¥ 14 9% o U9 H, Y% Fashal THIH0 & fau fXu gu ufdser &t gqe &6

gren faferse ga A Sifsg|

d
11. (x3+x2+x+1)d—z —2C+xy=17% x=0
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18.

19.

20.

21.

22.

23.
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d
x(xz—l)d—zzl;yzoaﬁ: x=2

cos(%):a (@ae R);y=13x=0

X
ﬂ=ytanx;y=22|1;<x=0
dx

fog (0, 0) ¥ ToRA ATl TH UH a% HT FHIHIO AG Hifo fSTGehT Taehat
TRl y = o' sin x B
meg=(x+2)()’+2)a?mﬁg(l,—l) H T arel Joh
1a it

95 (0, -2) ¥ oA aTct T U™ doh ol GHIRWT Aq Sitee f9eh ot fog
(x, y) T S99 {@1 T g9 iR 39 fag & y fderien @1 e 39 fag & x
feemish o SR 2l

T aeh o fohdl T (x, y) W T991 3@ &t gaumr, =991 55 &1, 65 (— 4, -3).
T oo™ o1el Tarde w1 yaura & g 21 AR 9 9% fog (<2, 1) Y e §
39 9 T THIRTOT A i

Teh TR s o 3T, T8 gell 9ot eardn o1 el ©, Teer wifd © &e
@l ® A XY W 39 Tean w1 B 3 SR € SN 3 Uohs 91 6 SR ©,
1 Uohe A% 39 @R &1 e 9| sifaw)

forelt S o qoed w1 95 r% R T T G B 21 AR 100 T 10 T F
TM B WM §, d@ - AE T FIS (log 2 = 0.6931).

et 9 ® qore &1 9fg 5% it w1 R I B 71 39 S% H Rs 1000 S
FAC S &1 6 HISC R 10 a6 9% 78 R fHa 8 SIwh? (5= 1.648)
fopet ey wqe o Sfarogsti w5t G& 1,00,000 21 2 T W 3R G@m H 10%
%1 gig Bt 21 fohae =il & Sftemupei i w@ 2,00,000 B ST, = StemopEt
& gfg & | STk Sufterd HE@N o GHMUE! B

ST GHIRTT %=e”)’?ﬂ F T
X

(A) ee+e?=C B) ee+e=C
C) er+e=C (D) e*+e>=C
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9.4.2 FHATATT yddheT GHIHUT (Homogenous differential equations)
xTd y o Fefafed wedl | fo=m Sifse
F (x,y) =y + 2xy, E, (x, y) = 2x - 3y,

F, (x, y) = cos (%) , F, (x, y) = sin x + cos y

% ST Herl § x 3R y 1 el JET 3R A forg e A wd Ay 9
yfreenfud ¢ fEan ST A ' e e @

F, (Ax, Ay) = M (0" + 2xy) = M* F (x, y)

F, (A, Ay) =X (2x - 3y) =AF, (x,y)

3 M X 3

F, (Ax, Ay) = sin Ax + cos Ay # A" F, (x, y), fh&t «ft nop ferg

781 B Ufed % B 76 weml F,FE, F, ®F(y, Ay) = A"F(x, y) & &9 ¥ feran
ST Hehdl § TG e F, 1 58 ®9 § T foran s wenan 1 399 #W frefatea wftam
e T 2

% F(x, y), n Sd ol TSN 6ol sheeidl 81 afg e I 3k Ao fag
F (Ax, Ay) = A" F(x, y)

T e F & FF 3T I H F L F,, F,%A: 2, 1,0 5 arct 9Hsmde werd
€ Safh F, 9uerde wod @t 2|
&0 78 off uferd & ® fo

SRE Fl(x,y)=y2(1+§J=y2hz ﬁ}
y y
E(x,y)= x' (2 _3_y) = xlh3 (2)
X X
s E(xy)=y' (2£—3J =y'h, FJ ,
y y

F,(x,y)=x°cos (Z) =x ks (X)
X X
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F4(x,y)¢x"h6(§),ne N feft ot a9 & fag

EEC| F, (x, y) # y"h{%},ne N
TEfAT Tk ®EA F (v, y), n 1A el GHEMAE 6ol shedrdl @ 4

F (x, y) = x"g(%) SR ynh (%)

%:F(x,y) o &Y Al kel FHIH GUEHT e € 9 F (v, y) I3 =
A GHEE He B

D k() = o) (1)
X X

#maﬁw&ﬁawﬁwaﬁmmﬁ%mm%waﬁa

y=vx .. (2)
gfreenfid w9
GHIeRT0T (2) 1 xoh HU& b i W 8 T Hld © ¢

ﬂ=v+xﬂ .. 3)
dx dx

W(s)@%wmaﬁw(l)ﬁqﬁwﬁawmwwmﬁz

dv
+x—=
vhx g)

dv
A xa—g(V)—v . ()

THTRTOT (4) W =R 1 YU HH W TH WK H @ :

dv :@ 5
- x .. (5

HHRTOT (5) o S U&l T HHERG S T BN I B 8

d 1
Jg(v)v_vzj PR .. (6)

Ifz y 1 29 wfaeenfug F R ST A THET (6), STaRe THHROT (1)
X
YF B YEH FLT 2
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_ﬁw&ﬁwmaﬁw —F(XY)a%wﬁé\la%T

F (x, y) Y 51 ol IR B @ 89 L=y S7ed, x = vy Tfaenfi| w1
y

& ol fif STl == o STER Z—y—F(xy) h( J%wﬁﬁi@aﬂmw
M6 T ok fog e sgd &

SETEI0T 10 IS b sTahel iR oT (x—y)%=x+2ywaﬁﬂ'q%3ﬁ'(w%ﬁ
Ad hifeg|
Tal TRU U sTeee Ui ) fEfared €9 § eifiered fRAr S el ©

ﬂ:x+2y 0
dx x-y
x+2y
M iy F(x,y)=
X=y
AMx+2y) ..
F(Ax, Ay) = ———==L"-F(x,
EC| (Ax, Ay) A G—) (x,»)

AT F(x, y) I H1 ST H9EE Herd 2
37 T gam Tashel YHiehRul Teh THEMA Tehel THIHI 2|

faseya:
142Y
dy X |_ g(lj
dx -2 X - (2)
X

TeHteRToT (2) o ST g8 g[ )&mﬁ%w@agwaqumw

T gl THfT GHIRT (1) Teh GHEE STeahel THR B
TUH! B HT o (O gH YIqeqod Hid o
- . (3)
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RO (3) 1 x & GUY SFTFed HE W EH U FW B

dy dv
=y +x—
dx dx
. . d .
gt (1) § y T Ey?ﬂﬂﬁuﬁwﬁamﬁm%ﬂmm%:
dv 1+2v
v
dx 1—-v
dv 1+2v
3 -V
ﬂﬁ dx 1-v
dv vi+v+l
3 Yy T
qﬁ dx 1-v
v—1 —dx
a7 dv =
ﬂﬁ VHv+l X
i1 (5) o S G&l 1 TR S T BH UK i ©
J‘zv;ldvz— &
vi+v+1 X
2v+1-— 3
EBC _[ dv=—log|x|+C
vi+v+l
2v+1
37 = -— dv=-log|x|+C
a '[v +v+1 -[v +v+1 g| |
1 2 3 1
—log|vi+v+1l|——|———dv=-log| x|+C
S 2 g| | 2'[V2+V+1 g| |
Y llog|v2+v+1|—§J. ! dv=—10g|x|+C
2 2 1\ (3 2
(++1) {)
2 2
1 2 3 2 —1 2v+1
—log|v +v+1|——.—tan =—log|x|+C
- ogl 4412 Zotan ! 2| i
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NE]

1 1 o1 2v+1
37erET 510g|v2+v+1|+510gx2=\/§tan I(LJ+C

v @ 2 W gieeniia W BH 9E wE R
X

L1y 1o L 2y+x
—log|Z=+Z+1|+—logx? =+/3 tan +C
3:{31_O|T 2 gxz X 2 g \/gx
LAy vy ]2 L 2y+x
—log|| —+=+1|x =\/§tan +C
SREl ) g[xz . J Nee !
2y+
S log|(y* +xy +x%)| = 2/3 tan™ (Mj +2C,
J3x
+2
el 10g|(x2+x)7+)72)|:2\/§tan_1(x yJ+C
e

TE SFTHS GHIH (1) T UF B B

IETET0T 11 TIEE fo Tohel HHIRLT xcos(l)ﬂ:ycos(lj+x T © SR
X X

dx
THHI A MG RIS
T T gen sTosha T frEfafed w9 § foer 1w 8

Q_ycos(i})+x 1
7 _—y .. (D
xcos()

X

qﬁ%ﬂ(x,y)éﬁmaﬂaqawm%

ycos[yj+x
T& F(x,y)= ——2— 2
XCOS[yj
X
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xaﬁkx@@yaﬁky@mﬁﬁaﬂﬁﬂﬁwaﬂﬁ%:

l[ycos(y)+x]
X

l(xcosy)
X

F (x, y) I ©1d o1l GHETAE el ©, Safay {5 gai staeel Tl Tk quemda
FThel GHIHIUN B SHeh! Bl Hid o foIq 80 Wiaeerdd id &:

y=vx e (2)
T (2) T x oF Y& e HH W EH WK i @

F (Ax, Ay) = = A°[F(x,y)]

Dy & 3
dx dx - )

it (1) ¥y %wnﬂqﬁi@ﬂﬁﬁaﬂﬁmgﬂwaﬂﬁ%:

dv vcosv+1
v+ x—=
dx cosv

dv _vcosv+1

s XE CosV r
e i (g
dx  cosy

dx
37 cosvdv=—

X
e J.cosvdvzj.ldx

X

Yar sin v =log |x| + log |C|
e sinv =log |Cx|

vﬁ%gﬁwﬁﬁmﬁmgﬂwmﬁ%

sin (l) =log|Cx|
X

IE FTaFHA GHIH (1) T ATTH TA B
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SETETUT 12 WS o S1aehed TR 2y o du+ (y —2x e’ ) dy =0 THEEIE & @ik
AR, x=0 5d y=1 T g7 & a1 39 TRl o1 fafdre ga 9 *ifsw)
T faon gon s wHiw fFrefafed w9 § foman st @ 2:

X

dx 2xe;—y
—_—=— . (1
m - (1)

2ye’

x 7»[2xey —yJ
2xe’ —y B Lo
RIERSIEL F(x,y) = — T Fwx,Ay) =——7 "= [F(x.))]
2ye” k[ZyeyJ

31d: F (x, y) I ¥ ol G Berd 1

TafaT, fean gen erash il Th THEEE STaehal e 2l

W%ﬂaﬁaﬂﬁ%m,ﬁx=wm?ﬂﬁ%|

TR (2) 1 yoh WU STEhe H T EH Ww hid @
dx dv

dy ydy

et (1) | x@%wmqﬁwmmﬁmmwmﬁ%:
y

dv 2ve' -1
vt y—=
dy 2e"
dv 2ve -1
SPEI y—= —
dy 2¢e"
dv 1
sTereT y—=——
dy 2e
YAl 2e"dv = —_dy
y
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31 J‘Zev.dv=—.|‘ﬂ
y
31 2e'=—-loglyl+C

vﬁ%@qﬁwﬁaaﬂﬁmwwm%:

2" +loglyl=C - (3
G (3) ®, x=0Ts y= 1 Haefud w3 W ed W & 28
2°+1logllI=C=C=2
C &1 HH FHieRor (3) | gfaeenfud & W 89 9 & ©
2 ¢ +loglyl=2
e XU gu 3raehel Wit 1 T fafime &a @
SETEI0T 13 JUIET T aohl &1 o, foeh fhdt o5 (x, y) | w99t 3@ &t yaum
x2+y?
2xy

1 B9 M4 € T U o o fordlt fog W o9l Y@ &1 e %#W%ﬁr%

2, xz—y2=cx§|'{'f§|ﬁ%|

2 2 1+
dy _x"+y" dy X

dx  2xy dx 2y - ()
T FHER (1) GEEE e wﬂmfﬁ 2l

THh! TA L o T B y = yx FiaweoT w2l
y=vx3ﬂx$ﬂﬁ&{3ﬁwaﬂﬁmﬁqﬁ%:

BRI

2
ﬂ:v+xﬂ a0 v+xﬂ:1+v
dx dx dx 2v
dv 112 2v dx 2v dx
3d: X—= de:— 5 dv=——
dx 2v 1-v X vo—1 X

Reprint 2025-26



332 TTfoTd

2 1
Tgfeae J‘Vzildv=—j;dx
e RCH] log|v2 —1|: —10g|x|+log|C1|
S log‘(v2 —1)(x)‘ =log|C,|
e V-DHx==zxC

1

v?ﬁ% Y gfaeenfud ® W 89 9 i o
y2
[—z—le=iC1
X
ar (0’-x)=xC xTqx*-y*=Cx

| womraett 9.4

1 ¥ 10 T o Yeish WA § qwiieq foh faon gen saehet St THeE © SR
Y YIF hl TA HITSIT:

, x+y

1. P+ xy)dy =%+ y?) dx 2. y= r
3. x=y)dy—(x+y)dc=0 4. P =y)dx+2xydy=0

dy

24y 2 5 2 N
5. X dx_x 2y°+xy 6. xdy—ydx=x"+y dx
7. {xcos (1)+ ysin (1)} ydx= {ysin (l)— xcos(lj}x dy

X X X X

8. xd—y—y+xsin(lj=0 9. ydx+xlog[ljdy—2xdy=0

dx by X

10. [1+edex+ey[l—£de=0
Y

11 9 15 T o Yo H Uik STaehel GHehv o fore fRu gu ufaee o6l dqe & aren
fafere ge i i)

1. x+y)dy+(x—y)dx=0;y=13 x=1

12. Xdy+(y+yYWdx=0y=13aRx=1
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X

{xsinz[lj—y}dx+xdy=0; y=% Iex=1

dy 'y
dxx

+cosec( ) 0; y=03algx=1
x

d
2xy+y2—2x2d—y=0; y=2afx=1
X

d
d—;=h(ﬂ$mmﬁwﬁamwwﬁmwﬁ$mﬁtﬁf@ﬁ

H 9 #F @ e i S e

(A) y=wx B) v=yx C) x=vy (D) x=v
frefeafad & 9 & o goerdg s gHiw 87

(A) @x+6y+5)dy—CBy+2x+4)dx=0

(B) (xy) dx — (x* +y) dy =0

©C) FP+2y)dx+2xydy=0

D) y¥de+ @ —xy-y)dy=0

9.4.3 aw araeheT THIHITT (Linear differential equations)

dy
4P
I y=Q,

& ®Y o el GHiHT, TY P g Q ST el Shadl x % Ho §, U Hife
1 ek 3Taehel THIRIU FHEeld €1 YUH Hife & Ao Teashel THH & F9
I T TR B

Yy
—+y=sinx
dx X

dy (1) .
—+|—|y=e
dx X Y

dy (> .1
dx \xlogx) x

qmaﬁﬁéﬁmwmaﬂwm@%—+h Q% o p,

aﬁ?QW@WWy%W%lQW#WW%@@W
frefafaa € Z—”:COSY
y
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1 TA L o oL FHIHIT oF AT 9eff i x o Hed g (x) § 0N A W 9 <
# 2

dy
g ) I +P.g(x)y=Q.8 ¥ - (2)

g (x) T TF $H YhR IS dlfch THIhIOl b1 ST 98 y . g (x) 1 STaeheis] & S ;

dy _d
el g - +Pg@y="-[y.g ]

dy dy ,
SRE g(X)d—+P-g(X)y=g(X)d—+yg(X)

X X

= P.g (x) =g ()
- p 8™

g(x)

AT el 1 x o Gy GHHEH T W Y W Hd B

dex= &dx

8(x)
7o IP.dx=log(g(x))
e g = JfPa

THHT (1) HI g(x) = eP@ T TN HH R SH GHIHIT 1 &1 U&7 x qM y F
fohdl Hel 1 Tahers s ST 81 I8 Hel g(x) = o7 iU U 1kt THfiehaor o1
HTehe™ Uk (LF.) Fgam ¢l
T (2) H g (x) 1 T SR i W EH 9w i B:

ejpdxﬂ+Pejpdxy=Q. ejpdx
dx

e i(yejpdx)=QeJde
dx
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2T gl 1y, o GO GHRGH FH W H Y| A B
y.eJ.de :I(Q-eJ.de)dx

YAl y=e_jpdx J(Q 'ejpdx)dx+c
AT THA GHIHT FH ATF BA B
W hife oF IGeh Taehct TUIHIUT Tl T & o 1T |fmfea oot
@) &ngaawqﬁwaﬁ%Wy:Qaamﬁﬁf@qWRQwaw
ehael x o el B

(i) HAREH O (LE) = (P4 7@ wifsm
(i) TSU gC Tahar GHRUT 1 7@ F=fafead €9 § fafau:

y.(LE)= [(QxLF)dx+C

d.
W&umﬁﬁaﬁrmaawwﬂwd—;+P1x=Q1$mﬁ%ﬁmﬁPlaﬁle

ST o A y F Fed ¢, 7 LE = R IR

x.(LE)= [(Q *xLF)dy+C 3rashel THIHU I T

SETEYUT 14 3Tl FHIHI %_y = cosx 1 TS B AA HifaC]
X

Tol fe g stadha wHiR

d o
d_i +Py=Q% SEP=-13 Q = cosx

Tgfea I.F.zejfldxzefx

GHieRTor o ST Uil i LE. 9 0T i W eH 9| i e
—xﬂ_ X\, — X
e Iy e y=e cosx
d

3erEn —(ye_x)ze_xcosx
dx

Reprint 2025-26



336 TTfoTd

AT &l 1 x % WU FHREH F W BH U i o
ye =je_xcosxdx+C .. (D

A ofifse f 1= Ie‘xcosxdx

—X
e
= cosx(
-1

j - j(— sinx) (—e ") dx
= —cosxe " —jsin xe "t dx
= —cosxe " —[sin x(—e™¥)— Icos x(—e™) dx}

= —cosxe " +sinxe " —Icosxe_x dx

SR I=—e*cosx+sinxe* -1
YA 2] = (sin x — cos x) e™

_ (sinx—cosx)e™"

1ot I
2
THieRor (1) § [T A9 gfqeeud e T 89 o< w4 o

e :(smx;cosx)e_x L

sin x — cos x N
fer y==—  tCe

g XU gU 3feehel WHISHIU 1 =19k el 2l

d
SETETUT 15 STaehd WHIO xd—i+2y=x2 (x#0) T =A9F TA TG FIACY
Tor e gen sraehe i €
x%+2y=x2 (D

X
HHRToT (1) oF 3FT Y&l Bl x W 9 3 W BH U A o

—+Zy=x
dx xy

d e 2 .
IE, d—y+Py=Q,éamm%F@m ke e g1 T8l P== Td Q=x 2
X X

2 ogx?
THfeT LE = e_[;dxz oz — o8 = 7 [éﬂﬁ%ﬁ €O = £ (x)]
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ZHfT U gu Gl &1 g 2
v.e= [(0)()dx+C = [Fdx+C
xZ
ST y=7+Cx_2

e XU gU 3Taehel THIhIUl 1 =9 & &l

SETEYUT 16 3Tahd FHIHWT y dx — (x + 2)?) dy = 0 1 Sk A AMG HIfST
o T gen srEee T frefaiad w9 § foran ST g 2

&_x_y,

dy y

~ o 1 .
RER %+P1x=Ql,a5 ®q oo ifEw ofaee Hie B 98] P =—-— Td
Y y

1
_7d »
Q1 = Zyél ER c q I.F.=eI Y g :e_k)gy :ek’g(}’) :l
Yy

a1d: fau gy el THIHT 1 Bd €

xl=j(2y) (leerc
y

y
SEC) == [2dy+C
Y
X
370l —=2y+C
y
SREN x=2y*+Cy

7g feu g erahel THISHOT 1 A% B 2
ISTET0T 17 3Tehal THIHIO

%+ycotx =2x +x? cotx (x #0)
X

%1 fafere &@ T Fifw, fon gan € &5 y=07fk ng

et feon g STkl i %+Py=Q,éﬁww%ﬁ§maﬁwW%|qﬁ
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P = cot x 3R Q=2x+xzcotx%\'l sgfey

LF.= efcmdx =8 —ginx
37d: STahe THHI H T o

y . sin x = [(2x + 22 cot x) sin x dx + C

e y sin x = [ 2x sin x dx + | x? cos x dx + C
: o [2x 2x
Y ysinx = s1nx(iJ—J-cosx(iJ dx+.[xzcosxdx+C
2 2
SR ysinx=x2sinx—szcosxdx+szcosxdx+C
YT ysinx=x2sinx + C .. (D)

gt (1) § y=0Td x=" gfeenfig T W T WE W E:
2

o8] 5

2
Ferell c="F

4
T (1) § C o1 7F gfaeenfid & W 89 U Fid B

2
. 2 . T
ysinx=x"sinx——-

2
YA y=x2—

sinx#0
4sinx( )

e U gu sfehet TRt &1 fafire gt 2l

3E1E 0T 18 T (0, 1) ¥ oA 91el Tk 9k o] HHIRUT F1d Hifele, A 56 ooh o
et fog (x, y) W o991 Y@ 1 yaurn, 39 fag o x e (9q1) qen x Fdene &R
y Tdsties (ife) oF UMw & AN o U 2

W%ﬂaﬂﬁ%%wﬁwﬁ%@ﬁmﬂm%éﬁwﬁélm

37T ———Xxy=x .. (1)
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TR0 (1),%+Py=QéF ®Yq 1 e Fawel THHW 2| T8 P=—x T
Q=x%\'| i

ILF.= ejfx T ez

aazﬁfngwwww%

ye? —j(x)( )dx+C )
A =[@e ds
A &ifee _sz=t,ﬁ?vl—xdx=dt2ﬂxdx=—dt
e I=—je’dt=—e' =—e;§

Rt (2) | 1 1 9 Siaeiid S W, 9 U 8
ye%Z—e%+C

2
.X

YAl y=—1+Ce? . (3)
W(s)aﬁ%wwﬁw%mmww%@wwﬁwm
T =Ed ® S fag (0,1) ¥ TSI B G (3) W x=0Td y = | Wiawenfyd &
W%’qtﬂﬁ%

l=-1+C.e a1 C=2
TR (3) | C o1 A Wiaeeiid & T 80 Ww hid 8:

2
X

y=—I+2e2
IE I I A GHHT B

| woTet 9.5 |
1 ¥ 12 9% o 91 |, G 3Tchcd THIHIU hl A9 & T hiTSTT:
dy dy o2 dy y
1. —+2y=sinx 2. 2 i3y= 3. —+==x
dx Y dx y= dx x
4. ﬂ+(secx)y:tanx(OSx<E) 5. coszxﬂ+y=tanx (0Sx<£j
dx 2 dx 2
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6.

8.

9.

11.

Tfora

2
xﬂ+2y=x210gx 7. xlogxﬂ+y=—logx
dx dx X
(1 +x2) dy + 2xy dx = cot x dx (x # 0)

xﬂ+y—x+xycotx=0 (x=0) 10. (x+y)ﬂ=1
dx dx

d
ydx+ (x—-y)dy=0 12. (X+3y2)d—i=y (y>0).

13 9 15 T o T4 H Ydeh 3Tdehel HHII oF fae fIu gu ufide st |qe & o
fafere ga1 3@ wifsa:

13.

14.

15.

16.

17.

18.

19.

d : T
—y+2ytanx=s1nx; y=0 9fg x==
dx 3

1

1+x°

(l+x2)§+2xy= ;y=0 TR x=1
X

d :
—y—3ycotx=s1n2x; y=2 3Ifg x=E
dx 2

o fog @ T 916l Tk dsh 1 GHIR0 F1d HifeT A% 39 =k ok fopdt fag
(x, y) T T3t T@1 1 georn 39 fag o fdvmeni o 4 o aue )

85 (0, 2) W TSI A Tk AT FHEHT T FiSC AR 39 96 o fordt foig
o fcemen! &1 A 3§ fog W Ei= T TRl W@ i gaur oF IR 9 5
afferen B

d
A TR xd—)yc—y=2x2 1 T OF 2

1
(A) e~ B) e? © - D) x

d
STeRE THIEHTT (l—yz)d—x+yx = ay(-1< y<1) & g T ¢
y

1
(A) 2

1 1
71 ® oo © Tz ™ Jn
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fafaer 3qrgyor

IETET0T 19 GATud it o ®e y=c1e“*cosbx+cze‘”sinbx,5|ﬁcl,czﬁﬂ
I T, TRl THIRT

d’y . dy
=224 4 (a>+b?)y=0
dx* adx . Y 1 % 2
7ol & gem wer 2
y=e"[c, cosbx + ¢, sinbx] . (D
GieRToT (1) o ST 9ell BT x o WU ekl i W EH U © %
% =™ [~be, sinbx +bc, cosbx| +|c, cosbx + ¢, sinbx]e™.a
X
dy _ u :
3TET d—=e [(bc, +ac))cosbx+(ac, —bc,)sinbx] .. (2
X
GRTOT (2) o T el T x, oF WU STEehe H{1 T BH U € foh
2
%ze‘”‘[(bcz+acl) (=sinbx.b)+(ac, —bc,) (cosbx.b)]

+ [(bey +ac)) cosbx+(ac, —bc,)sinbx] e™.a

= ¢“[(a’ ¢, —2abc, —b’c,) sinbx + (a* ¢, + 2abc, —b*c,) cosbx]

. d’y dy . .
feu T srEee i | Ezy,d—z@yao‘rnﬁuﬁwqu?%ﬂqﬁ%:

EIRIE: =e“[a’c,—2abc, —b’c,)sinbx+(a’c, +2abc, —b*c,)cos bx]
—2ae™ [(bc, +ac,)cosbx+(ac, —bc,)sin bx]
+(a*>+b%)e™ [¢, cos bx+ c, sin bx]

(azc2 —2abc, —b*c, —2a’c, +2abc, +a’c, +b’c, ) sin bx
ax

+(a’c, +2abc, —b*c, —2abc, —2a’c, +a’c, +b’c, ) cosbx

= ¢™[0xsinbx+0coshx] = e* x 0 =0 =& U8
zafay fean gen wer Ky gy stashe THieol &1 & €|
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SATETUT 20 STaehel HHIHTOT log(%j:3x+4y 1 foferse ea Ja sife) fem gan
X

gfm y=0ag x=0
o T gen srasha g frefafaa w0 o foran <1 @b 2:
ﬂ:e(3x+4y)
dx
ERC| %zehf”
X
=R ®! Yo HH W BH UA T,
dT};=e3xdx
e
zafere J‘e_4ydy = Ie3xdx
e—4y e3x
37erell =—+C
-4 3
YT 4e¥+3e%+12C=0

G (2) Hx=0Td y =0 yiaeenfud & W &0 9 2:

-7
4+3+12C=080 C= —

TR (2) °§ C o1 79 yfaeenfyd 3 W 89,

4e 43¢ _7=0Td FA @

Tg TEu g 1ahal THi & % fafire g 2

IETELUT 21

AIh FHHLOT

(x dy —y dx) y sin (%) = (y dx + x dy) x cos (%)ﬁ TA Hift|

gor T gen srasha g frefafaa w0 o foran s @ 2

3ol o oenlT)er( e
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Yy 2. ()
cos| = |+ y“sin| =
d)’_xy [xj Y [xj

SREN
dx xysin [yj —x? cos [yj

X X

T U W Y TS B Al Bl W 9T < W EH UM &:
y (v yzj : (yj
ﬂ:;COS (xj'i‘(xz Sin ;
dx ysin(yj - cos[yj - ()
X X X

w:wﬁw(l),%=g(y)éﬁwaﬂwaﬁﬂawwﬁw%,m

X

T THH hl T HH & o g1
y=vx .. (2)
yfaeenfyd w3 7
ot b,
dx dx
2 .
e v+xﬂ=w [FHieRTor (1) 3R (2) e T 3 T
dx vsiny—cosv
dv 2v cosv
Yl A = —
dx v sinv —cosv
(vsinv—cosv) 2 dx
YAl dv =
VCOSvV X
j (vsmv—cosv)dv:zjldx
VCOSV X
A J.tanvdv—J.l dv=2.|.l dx
v X
SRE log|secv|—logIvI=2longI+logIClI
secv
aqqaT log 3 =log|C1|
VX
secv
31erell > =xC (3
VX
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Tl (3) Fy aﬁ%@srﬁwfqamﬁm%ﬂqﬁ%’ﬁﬁ

)

2/ _c wc=zC,
s
X

379 sec (lj =Cuxy
X

7% XU U STashel FHIHIT 1 AT &
3STEIUT 22 39ehdl GHISHIO
(tan"'y— x) dy = (1 + y?) dx 1 B F@ i
T e gan stemhe Tt frefafed w9 & faer s g @

dx = x _tan’'y
dy 1+y* 1+y*
THYRTT (1),%+P1x=Ql,én‘maﬂ%F@?s SFAFT THIHT T TR
y
1 . tan"'y
P=—7 w6 Q =2 el
1+y 1+y

[ioaa
2 -1
[F.=¢ ™" =g

THfT U gU Sfoehel G0l &1 B 2

-1
xe™ Y =.[ fan y }; e™ Ydy+C
1+y

tan™!
T ffe 1= e gy
1+y
1
1+y2

i y = SRR T W TR T E fe [ de=dt
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3Ad: Izjtetdt,l=te’—fl.e’et,I:te’—e’:e’(t—l)

3T [= pan'y(tanly —1)
TR (2) W1 JF gfaeenfid s W g9

1

x.e™'Y =" Y (tan~'y — 1)+ C T g

3:[2]3‘[ X = (tan_ly_l)+ce_lan_ly
e XU gU 3Taehel THIhIUl 1 =9 & &l

e 9 W fafae goraeit

345

1. Tr=afafaa sasa et °§ 9 yds &) Sl T o (3fg aftafia g8) A

ifsra)

Das(2) () 4] 7r=
—+5 —6y=Io ii) | — | —4|—| +7y = sin
) 0 s y=logx (i) I e y x

dty . (dy
(i d—(d— =4

2. Tr=fafad oo o g&is o fau genfua sifse foe <o gsn wed (/T s1e@n

W) WA 3Tae%hd THHO F 5 B

d*y _d

1) xy=ae +be*+x2 : X—+2 y—xy+x2—2=0
dx* dx
d? d

(i) y=e* (acosx+ bsinx) : —Z—Zl+2y=0
dx dx
d?

(iii) y = x sin 3x . 2249y -6c0s3x=0
dx*

. 2 2, dy

(iv) x*=2y*logy (X +y )E—X)EO

3. fag #INT foF 22— y2=c (@ +)?)? &l ¢ T W= §, e GHH

(= 3x ) dx = (3 — 3x%y) dy 1 AUH &A B

d 1-
4. Wﬂﬁwmd—y y =0, SEfeh x #1 T AU BA JAd BT

x 1-x2
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10.

11.

12.

13.

14.

. <¥IzE foh eroreher wHieRTor

dy y Try+1
dx P +x+1
x+y+ 1D =A(l-x—y-2xy) 8, & ATH w=at B

=0 =1 =FUH BA

. ﬁg(o,gj@ww@@wwwwmaﬂmmww

TR sinxcosydx+cosxsinydy=0%I

TR THIHWT (1 + e*) dy + (1 +y?) e dx = 0 T Teh A= g A@ wifeg,
fmgm 2 f y=13afk x=0.

X

. T HHIHT yeydx=(xey+y2jdy(y¢0)6m & F1q RIS

SIFHA FHFHWT (x — y) (dx + dy) = dx — dy F1 Tk fafite g @ wifag, =
gw%ﬁ;;:-l,zlﬁi x=0 (Fhd: x—y=13@)I

i

N

WW{ }——l(x;tO)EFIWEW‘OIﬂTTﬁQI

d
Wmd—i+ycotx =4x cosec x (x = 0) T TH faf¥te a1 A@ HifoT,
T
< gl ® b y= 04 XZE.

I FHIRT (x+ 1) — dy =2 ¢ — 11 Tk faftte a1 9@ sifae, < gen

dx
gfwy=0ak x=0.
st i LX) o o w3
y
(A) xy=C (B) x =Cy? ©) y==Cx (D) y=Cx

d
d—;+P1x=Qléﬁwa1éaqawWwaa‘rW%ﬁ%z

A) yelh® =I(Q16JP‘dy)dy+C

®B) y." —j(QeJP‘ ) dx+C
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© " =[(Qel"*)ay+c

_j( )dx+C

15. me et dy + (y e + 2x) dx = 0 1 =T B ©:
A xe+x*=C B) xe+y’=C (C) yer+x*=C D) ye+x*=C

HRTIT

¢ T UH g foEH weds X (SR) o WuE SfEd WX oh Sfesharst
(3Tahetsit) wftwferd &f, sfaehel TRl seardl 2|

¢ fFH srowa gHtes § Aftafed S<uan sTaeels &t &ife, 39 3T&aha
GHiRT0 T HIf FHEA Bl

¢ I E Toehel T STehersii W SgUs THIHI § Al SH Herhel THIHl
1 =1 IReE et €

¢ T stawa gieor &t u@ (AR uRfea &) 3T stasa gHiRwm o
Gftrfed S=uad HIf sTdehels] i Soadqd =1d (Shdel IS qUlieh) Bl 2l

¢ % XU g Tahcl THIHIUT il HI HI ATl THeld 6 3Tahel THIHT0T
T HEAM ¢ Th TH B fora 3o & @es ot =, St 39 ofasha
GHIHTUT 1 HIfE €, A9 Tl sheddl @ 3R e o= ¥ Yo gl fafyre
T HEA T

dx
. W@WWW —f(x y) ge d—y—g(x Y& w9 §

afwwaaﬁwmm%,a%ﬁ(x,y)@g(x,y)?ﬁmméwwqw
T, T ST S FEnd ¢l

¢ %+Py=Q,€FWWWHTﬁW,WPHW Q 3T=R 37al Shaal
X

x o o §, Yo hife Wask fashel GHIH FHEard Bl

ofdeTfas gsyfir
el ULl ToT 1 yq@ Areti § § T 21 Uueh 997 98 ¢ Tk sfeehal
HHIHION a1 3TEdcdl Tael 1 1, 1675 Gottfried Wilthelm Freiherr Leibnitz

(1646-1716) < HegeH FeQiHEA] Jydy——yz =1 fafed w9 # weqa fohan qen
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I8 ST Teftehl [ 3R gy @ IRfed @ a&qd: Leibnitz TH 9k i S T 1
e 4 7 o foeest wael e ffdw 8, 38 '8en 3 99 1691 H 3% ‘9 ok
YRR fafY’ oF STaw0T 1 ARTGRH Yall T ad 99 =i (HeW Hife o
THETE FHIRION o &1 B bl fafer’ 1 FER0T fhanl 3 o0 9 SR 37y
T | S ‘YoM whife o ok Taehel THIION i B e i fafa’ @
T fepan| fena snveredsTeh € o Sudsr weft faferai =i @iet et U =afem
BRI SThel WHIRON oh ST oh Jedid o9ul o STedrary o iaid 99 gl

YRY H ohad HHIHN oF ‘B’ LT i GG I Ak AHIRWON
‘gaThe’ oF w9 H fAfdve fRa T o Aw W W 1690 H WUHA: James
Bernoulli, (1654-1705) NI Y¥ad H @1 11 9% ‘B’ 1 HoYH WA
Joseph Louis Lagrange (1736-1813), 51 ¥ 1774 | fohall 1| I8 HeA1 3Tahdl
RN o S § SHET 100 g6 &% Sfed ggl ¥ Jules Henri Poincare
(1854-1912), &, 9811 ¥k ‘&1’ o TN o feU 3TehTed deh U&d fohall, Therd:
ST TeRTEel | ¥Ie% Bl ol STIAT Sfd ¥4 U g3l =R o6 geashevia fafy
1 FHRT John Bernoulli (1667-1748) , James Bernoulli & 3T gRT foham 7|
TS 20, 1715 I Leibnitz &l fo@ o101 931 ®, 3= f=fafaa sesha GHienio
% B & @il fay

2

Xy =2y
o T I YR 1 Tehl THA: e, AfqREe IR T Tohl o Tk T H
Arieei HId €1 78 39iar € for U8 Wt K@ 9g a1l sashd gl o g
Y A ®Y RO A & 209 vt o Sawe | ¢ stashel TRl o e
forgetooT’ efivie o aid STeehel WHIUI oh Tall ol Siieel Jehid oh STTI@hR Bq
A ARG fhaT T AT SH T Feft STfashil 8 oTd Uity o &9
o 9@ T 9w Y T 2

4

> —
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12082CHI0

(wfesT StSETUTa (Vector Algebra))

% In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. - HERMAN HANKEL <

10.1 iRt (Introduction)

T 3k Sio ® g ok e e € S R et
S I 8?7 Uk G & faeel 1 oo & 9w %
o e & T i TR o fer 7 T
YR FEAT AMEU? 3TEcAleh hifoe foh qem 999 &1
G W 1.6 HeX & Feha ¢ TS TH CH I T
Tftafea &1 T Tl sifer sweard €1 donf g ge
F IW TH TEH AW T (FE 9 wed §) o
gl & wfed R o wy-wy e (e
T faere) feom ®) ot wfmfaa €1 vt afert af
el g1 T, ifdet T AfEitER § 3 <9 e
TR T S PRI 5 i, ooy
S, H, TR SfE Ud few i S fE faerm, 3, @, w6, 9w, g6,
foga & =1 diomr genfe agen faerd 2

T A | e 9kl w1 F9 SMURYd Heheur e, |igen w1 fafy= wiwand ik
TR SIS TH ST O 1 e F01 § S YRR S O o At
w9 afcell 1 deher F1 Pl S @ § o s afiw A o s faeme
ST 1 SR IR w2l

10.2 8 TIRHA HkeU T (Some Basic Concepts)
e ofifere T forelt et steren f-farfta oidafter o 1 =18 Wt @ 81 ) ok fem st
TR © 39 W1 ) 9 Rt UeH 1 S Gt 71 29 a4 ° 9§ Fifvea faen aret #E
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ff T @ g Y@ weendt ® [t 10.1 (), (ii)] |

@) (i) (iif)
3TTeRfd 10.1

o7e Ufera Fifsw for afs &0 @ ¢+t @mEE AB d% Uiasfud &3 3d § ad
T W | feret W feen arelt Y@ < W ufr faffd e Wi @1 59 TR B U
fee YErEs 9w el @ (3Rt 10.1(1ii)) 1 374 T few Y@mes § aimmr ue fawmn
T BT
uftarer 1w el ufn foad i oo Ken 6 e ®, 9few weerd 2

e e for ek fiwe s afwy g @ (@mefa 10.1(Gi)), 9 AB @1ermn
TEROE: g, o &9 § Fffe wd ¥ R 39 9w AR ' otvan ufikw ‘g % w9 o
Ted

I¢ fog ARl 9 9fer AB R 2iar 8, Wi g sea € iR o7 fag B <&
W GRY AB , THIS Bl § 3ifaw g sheemar €1 et wiew & yrfuss wd sifa fogaed
o o w1 0 Wiwr w1 URE (S1Uen aE) HEA € iR TH |AB| S 1615k
w0 o fafdse frar st 21 AR w1 frem |fger 1 fgen w6 ffde w5 2

Fifeh oo Hft o FoTeH T I € $qfeT e |G | < 0 T i
a1 el B
frafa |fesr (Position Vector)

Fem X1 |, f-fodta <feromad! wuwifors fdens ugfa =t wRor wifag
(3meRfd 10.2 (i) | Sfafer § 5a 155 0/(0, 0, 0) o |Her T W@ foig P ofifere fomeen
e (v, y, 7) Bl @@ wiew Op foe O @ik Pww: WRfves o oifom fog €, O

Reprint 2025-26



afeer ssmforg 351
V4 V4
N N
A B
P(x,y,2) ? ?
- >-7C
r
> >Y
0(0,0,0) Y (3]
X () X (i)
3TTeRfd 10.2

Ty fag P o1 feafq afkw seamar 21 < 9 (e X1 9) &1 STAR H ¢ Op
(31 7 ) 1 ufikEm frefafad 9§ ue g R

|OP| ={x*+y*+7°

=R # o fog O o @ma, fagail A, B, C senfe & feefa afewt #9791 4,5,¢
g ffée fory S € [emeRfa 10.2()]1
ﬁf{—aﬁw (Direction Cosines)
T 45 P(x,y,2) 1 feafd wfewr OP (sreran 7) < s o emepfa 10.3 # zwifen

W%IW?W x,y @

7-3187 Shi ¥ATCHe fgmetl o WY 91T T HAYT: HI0T

Z
Lo
AR I
. z - P
S r P
. Y .’
. o) B.- y
] a "
L ox
AL
X
3TTeRfd 10.3 uy
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o, B,WYWWW%IS?WQEWHHH?AHCOSOL,COSBW cos yHfest
7 o - Fedd € iR WH=Ia: TRl A [, m Td o ¥ e fFa S 2
3Mepia 10.3, W B9 <@ B o H19S OAP Uk Twehiv f19ys @ @R 39 frys o 8w

coso=" (r 1171 3 ferg s foren rm 2) wra A E1 e wER wwwm S

r

OBP TS OCP¥ &4 cos B=2 TH cosy=— for@ &ahd 1 39 YR foig Po Frdwmieri

ﬁ(lr,mr,nr)éﬁwﬁaﬁﬂsgaamw%m% feeh-h1aTg & FHHA g /7,
mr T8 nr A< ??W—WW%@TWW a,bﬁ%c@ﬁﬁ%ﬁlﬂ
ST B

| Tooroft | &0 e R T € TF 2+ m2 + = | WG GEER: @+ b+ # |

10.3 afeent o R (Types of Vectors)

I AT [Zero (null) Vector] Tk Afg frger yrfiress wd sifan fog gordt e €,
I Y e € SR 8 § & &9 A ffde fran S @1 3= afkw s i ffvea
foen oM T HY S G Al TR IRET I B @ e fasheud: THR IS
oft feen oRor forT g AT S Tehel 21 Ww AA,BB v Wity &I fefud w )
T TiE9T (Unit Vector) T ST TSreeht IRET0 Tk (372061 1 T61E) ® AR 9ieq
e B et iR gu afger a +1 fgon o ames ofew &1 49 fafde faran s 21

|g-3MMfaw AfEIT (Co-initial Vectors) T 372@T 31 Tfger fowent ts & URfye fog
2, e onfn afker Fead 2

W@ GfEIT (Collinear Vectors) 31 31eran 3ifies wfee afE we & @ & 9did &
3w wfew wEan €|

HUM |G (Equal Vectors) 31 TR ¢ gon p 9 T el 2 4% e fkam
we feen WA €1 S G =b % w9 H foran s 2

UMk |iS9T (Negative of a Vector) Toh HfaeT fordent dfwmn feu gu wfer (WM
e AB ) & waH 8 wq et feen fu gu wfw w1 fen o faoda €, fau gu afew
1 RUTHF Fecldl 2| ITEUM: G99 BA, 9K AB 1 BUTH® @ 3R 39
BA=-AB o &7 ¥ feran < 21
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femoft swe qitenfyd afse 38 whR € o 579 9 ot =1 oft Smek wftmmr ud fon
1 gRafda fory fom <o o i foeenfud feran S wehar 81 30 WohR o WG wasl
Tyl wed €1 38 QU eAE | B9 Toad WK i &l = )

SETEL0T 1 feqor | 30° 9= H, 40 km o fazemda 1
1 e frego Hifs) w 0 g
T Hiew op e fagus & ey o s
(T 10.4 =fEW)| — 200
SaTETT 2 Frefefad @ w eifke ws ofkwr & w0 £
¥ guliag e ¥
(i) 5s (i) 1000 cm? (i) 10N
(iv) 30km/h (v) 10 g/cm? P S
(vi) 20 m/s ST &I AR MMRfa 10.4
&l
() THI-3fEw (i) STEME-3MCY (i) FA-HA
(iv) Tfa-efew (v) TA@-ARE  (vi) oT-EfeE
SETET0T 3 A 10.5 § ®F ¥ Figw >
Q) @ ¥ ‘
(i) FuH & e
(iii) TE-eTEH ¥ e
| | P
- 1 UTSeR b I\
() W@ =W @ g,¢qend
(i) wHE Qg9 g dené amERfa 10.5
(i) He-oNfem AfE®T: b, ¢ qend
[womae®t 10.1]

1. W ¥ 30° 98 H 40 km o forendd =1 ster@td feqo sifs)
2. Trefafad Al i eife v wiew & w9 4 guileg ity

(i) 10kg (i) 2 HR IW-ul¥=m (i) 40°

(iv) 404 (v) 107" o (vi) 20m/s?
3. TrAfafea = sifeer & wfser IR™ & 9 ¥ guflag wifsml

() FHA HTIETA (i) g0 (iii) &<

(iv) o (v) &
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4. oRfd 10.6 (Tw o) H frafafea afen r
Rl
(i) He-37i<H (i) THE
(iii) T@ WG THEHA

5. fr=fafed &1 W T 314 3 & &9 | i)
() & —a W@ 2l
(i) = T@ |ieel 1 qRAT Hed THH Bl 2
(iii) THF aRE o < iy W@ e B
(iv) FHM GRATT ot 3 S qiEe 99 g 2

10.4 |fIIN AT TR (Addition of Vectors)

Hfew AB ¥ WHRUM: BUN acd § fag A9 fag B C
o fazema| s1@ us Tt feafq &t ==t wifvw foad

T TSH! fag AY fag B d% word! 2 31 3T &%

fag B9 fag C a& <ot © (3meRfd 10.7)1 fag A @

fag C 7 @&t g1 fohan o o facemm wfw,

AC ¥ U 21 2 3k 38 AC = AB+BC & ®q A B

F srfreraa fan S 2 FFT 10.7

g Wiewr 4 1 B 1w ween 2

T, A BAR U | GRS g 9 b [T 10.8 (1], A ST A I6 FE
o fore 3= 5@ feafa o < s 2, qifer w1 wRfies fag R o eifaw fog o dard
=l S [T 10.8(ii)] |

C
\,? .
< .
zo X .“ b
D

® (i)

2y
sy

sy
y

Reprint 2025-26



afeer ssmforg 355

IRV ST 10.8 (i) H, T | o6 R we feen =1 ufiafia foee fomm 5@
TR TIHIARG foha € ik s8eh IRl &g, g o ifaw fag & Fardt @ 99 s ABC
T TEl g1 AC g T&fd |f® g+ 5 T 9wl g a1 b 1 AR (72re IROTH)
WM Yl €, @1eiq B1Ys ABCH &0 Ui € T AB+BC = AC [37hfd 10.8 (ii)]
39 T: Fifh AC=—CA , 3afeq 3udaa gHiHr 4 g9 I ? foF

AB+BC+CA = AA=0

T acqd 98 € for fondlt frgst =1 sqenedi =i afx vk % o foran S @ 97 g
Tfomt 5t AR URE A © it uRfes e eifam fog G e S € (2Rt 10.8(ii)] |

39 T G BC &1 &1 3@ YHR FHIfST difh 381 iAo |fge BC, o
ofmror & GHM e, W 39! f&en BC w1 fXen o faadia @ emehfa 10.8(iii) e

BC’ = —BC dd 19 o &1 SqanT <d gC [Mehfd 10.8(iii)] @ &9 Id € 6
AC =AB+BC = AB+(-BC) =d-b

fewt AC’, 4 A b o 3R i Fefud e 2l

319 et 7t & T fFR ¥ T fFR o Ul o F=E H En % deeq S
el T A H FE A &1 q9 39 A9 W q o HiKy w1 # @ ¢, Wh 357 g0
a1a 1 fean T A R e A€ o U o Serd %1 ol 39 ] AT o gad g 9
TE gRE H T O A | Fo JE I 1 39 A9 R W 1 ue e (e
Rt 1) o 9R ° Fened fouR @M o fau gER U 9w armwa w1 fEfatad
frem 21

Ffg TAR U9 THk FEI@ TqdS w1
T o qenett @ fefua e S w9
(ufwmmor we feem wfeq) < wfewr g qensb
2 (STepfd 10.9) o EHIQ =qUS &1
e T S e e
forerot 57 <1 Afse o 4 d+b Elﬁtlﬁ'qTUT

@WH%HWHW%I%WW
1 IR =S o S 2|
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st fom &1 ST B Y SF 10.9 § BH F F Ghd § R
OA+AC =0OC T 0A+OB = OC (Fifs AC=0B) i & Fuic =g« fom
21 o7 79 %E T € b e Im & @ fEm @ % gHged 2
wfeyr IR oF TUTEH (Properties of vector addition)
o 1 R W G qen b oo fag

i+b =b+a (FHfafTerT)
Suufe g9 =qyst ABCD i <ifSTT (3mepfa 10.10) 94 fifslt AB=a 2R BC =5,
a0 Bt ABC # s from =1 Swam &
WIS AC =a+b
TIF Td R ¥, THfeT emEfa 10.10 §

AD=BC=p3RDC=AB=g 2l F: frs
ADC % 91 f91 & W& AC = AD + DC

=b+a

i+b=b+a

oty 2 9 @feEn g6 R ¢ faw
(@+b)+C = G+(b+¢) (W= M)
Suufe 7 e, el g5 @en ¢ % FE: PQ, QR WS RS § R fwe
T € St TR emmeRta 10.11(31) 3R (i) o <witan e ?)

i
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d+(b+¢) = PQ+QS=PS

4 %% % 4
=
+
Sl
+
o)
1]
)
)
+
)
w2
1]
8]
195}

(@+b)+¢ = a+(b+7)
feuroft wfew Armea & wEEd qoEd w1 Gerrd ¥ 'W AW el d,b A 6
NSl hisSeh] o1 STAN FhT fal G+b +¢ & &9 o forad €l
e wifse for fmet wfew g & fow &0 o 2
i+0=0+d=d
Tl I |iEer 0 |iE9 Anhet o fou d gdafie sedn B
10.5 Teh 3fawT T afger @ O (Multiplication of a Vector by a Scalar)

A ofifs for g we o gen afkw @ @R A oifew ©1 @ afew g o efew A,
Y oHEe T8 Aa o &9 | fafde feran s €, @fkwr g 1 eifkw A9 oM sedr
21 e HifSw fF A g off 9few G o @ T 9w 71 A Sh 9H SAcHS AU SBUHS
T % AR A G 1 9N, G o oM 1eral faadid gidt 81 A g o1 qRATT G o 9
HTIAITOM BT 7, 37

[Aal = IAllal
T e 9 |iEeT o UM o1 SATHAT =NeIHehivl [€9 i HedqT (visualisation)]
AP 10.12 § & T 21

7 A
VAR S A A
~ o
3TMeRfd 10,12

SaA=— 1,99 Ad=—a S Teh U Gieer © Tor@eht qfmmr g o 99 © 3R fgam
aF feon & fouda 21 9fEst —G 9w G &1 ROMHE (AYET AT Uil ) wEard
2 3R BH UM G+ (-d) = (~a@)+a=0T1 B
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@ﬁ"{zrﬁ‘;?m%,ﬁmgaﬂéﬁ a+0, UM a Tk A qiew T g 9@
a

|M|=|M|Zz|=é|a|:1
lal
9 YR \d, d & {30 § Ak 9w &1 (e & 21 89 9
&:%ﬁémﬁmﬁ%
| Tt | foreft st stfewt ko fo@ k0=0

10.5.1 Tk @iqor &F gTH (Components of a vector)

améy fagai A(L, 0, 0), B(0, 1, 0) 3R C(0, 0, 1) i SHHST: x-3781,
y-378F T 7318 W & 21 79 T

|OAI=1,10BI =1 3R |0CI=1
Tfee OA, OB 3k OC o ¥ yoeh o1 afmmr 1 &
HUI: 0X, OY R OZ 1eii o ST G Gk wged &
SR TR FE: 7, G SR £ BN FAfde fowan s @ (emEfA 10.13)1

39 T fag P(x, y, ) o feafa afew gp <ifse s fo emerfa 10.14 o <9ifen
T B AH e fF fag P W d@ XOY W @i T o %1 U g P, ¥1 39 YR

TH 3Ed & 7R P P, z-3141 o5 WA 81 F(h §, j WL FAA: x, y T 2-374 o TR
e Tiew € STRP o e w1 RS % STHR &9 U € fF PP = OR = ¢k . 3
TFR QP =0S=yj 3R OQ=uxi .39 YN &1 T & %

OP, = OQ+QP, =xi +yj
R OP = OP, + PP=uxi +yj +zk
TH YRR O o |l P o1 feerfd Wi OP (31950 7) = xi + yj + 2k & &9 H Wal

Bl 2
fret off et 1 98 &9 U2 ®Y Hedn ¢ T&l x, y T g, 7 b G TqH

FEAW © SN xi, y] TS zk HANE e o IHRY 7 % WY TFH wEAd
FHA-H x, y T 2 ! GBI 52 o el Sl 2l
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Z
N
R
P (x,,2)
2 i
z 7
A
\ Y R oy
;\ o 7S g
Q -
P,
3TTeRfd 10.14

X

ot | 7 = xi + yj + 2k, 1 TR TLHUFIRYG YA 1 & IR FAN H¥eh qLd T
1 ST Wkl 21 T e W € foF gEmm s OQP, H (3WepfA 10.14)
|OP, | = \[I0QP+IQPP =/x* +’
SR FeR IS OP P, ¥ &9 U € fF
|OP | = \[IOP, P +1PPP = (% + y*) + 22
A fhel AR F=xi+ yj+2k B AOENF| = |xi+ yj+zkl=x>+y* +7°
o ®9 | 9 et 2
f% R WA @ R b T THF: o, +a, j+ak Fb7+b, ] +b,k 5 R
TE
() wfeel a 3R bl =m
G+b = (@, +b)i+(a,+b,)j+(a;+by)k 3 F1 H I T T
(i) wfee @ 3R b =1 AR
G—b=(a,—b)i+(a,—b,)]+(a,—by)k F T § I Tl €|
(i) e a 3R b THE B 2 af% 3R shee Afg
a =b,a,=b, 3R a,=Db,
(iv) Tt sifger A9 @t g &1 oW
Ad = (Aay)i + (Aa,) j+ (A, )k BT T&4 2
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Tfeell 1 ITwe SR fedt eifgwr @ @fgwr &1 P dfmfad w9 fefataa
faqo-fag 9 e ©
H ffte foF @ oIk b g < ke € SR kTE m S few ¥
() ki+ma=(k+mya (i) k(ma)=(km)a (i) k(a+b)=ka+kb
feauit
1. 319 Uferd o2 wehd € foh Aok Tonell off W o fore wfew Aq &wem |fgwr @ &
W@ 2| aad ¥ 9 9w g ok b wiE asft B § A ol Few Ak uE 1w
YRR e A w1 Afede € Al 5 =Aa w9k 9w @ 3R b uew w9 H fau
TUE, AU d=ai +a,) +ak 3R b=bi+b,]+bk , 7 I AW T@ 74 &
Ifg 3R kel A
bi+b,j+bk = Maji +a,]+a;k)
& bi+b,j+bk = (Ma)i +(Aay)j+(hayk
= b =Aa,, b, =Aa,, by =Aa,
o hhh,
a, a, o
2. 4 a = alf+a2}'+a3l€ GE al,az,a3“€lﬁ$T a %W—WW%I
3. W&l,m,anﬁ'ﬂﬁﬁ_@ﬁ—mﬁ?%ﬂﬁ
Ii +mj+ nk = (cos )i +(cos B)Jj+(cos 'y)lg
e gu wfewr =t Ko o 9k qfgwr € el o, p sy Ry g wf€wr gu w99 «,
yUS 7 3187 & WY &FT MY HI07
SETETUT4 x, y 3R 7 % WA T IS W TR G=x7 +2]+ 2k 3R b=2+yj+k
M B
T o AT fh < ey 99F e @ 9 iR shael 9fg Sk W s THM 2
31q: fu gu 9w g ol b W%ﬁqﬁﬁ?%ﬁqﬁx=2,y=2,z=l
SETEUTS WA GG d=7+2] R p =27+ j TN 1al=Ib |8 25N AR 5 3R b
T €2
e T ldl=N1+27 =5 SR 1b =22 +1> =5
AT | 1 =1b | R & gC AEw Tar & € i gk T s 9 2
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SETETUT6 TR G =27 +3j+ £ oF I A HC A HifSw

T GRw g o ey une wiew a=ﬁa g W il B

el lal = {22+3*+12 =14

1 ~ A A 2 ~ 3 A 1 ~

A f s — k

zgfeTu a m i+3j+k) ,—14l+ ,—14]+ m
SETE0T7 |iw a:f—zjéﬁ&m@twgﬁﬂmﬁﬁqmww&qmmaﬂé%l

Wﬁqaqﬁﬂaﬁﬁﬁﬂwma— =4 I(—2) f IJ%I
sﬂmaémﬁﬁmaﬁ?7qﬁqmmm7a=7(%A T?J } \I/i}%‘l

SETET0T 8 HEEN G=27+2] -5k 3R b=2i+ j+3kh ATHA ok I AEH
Hfcw 7 i)

7o feu gu wfeen &1 anmhe
G+b=¢, W& ¢=41+3]-2k ¥
3R 161 = 42 +32 + (=2’ =29

I PO

(41 +3]-2k) R

k
NIRRT
IETETOT9 WKW d =1+ ) — 2k ok Tech-arquma feafay iR sueh! wema o feer-shiame
d =hifSw)

7ol o T o AR 7= xi + yj + 2k o K- a, b, c TR &, HAVE TH
x,y,z%ﬁ%lmﬁq@w&ﬁqﬁqﬁ%%a=l,b=l3ﬁ'{c=—2%\'|3'*l:
qﬁl,mﬁ?nﬁ{'{@ﬂ@a’?ﬁ%—aﬁwgﬁz

a 1 b 1 c 2 . .
l_m_T, m_m_z, n—m—ﬁ(m |I"|—\/8)

aaﬁsﬁaﬁq@(

) ¢

5=
-
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10.5.2 g 7%@’3# &I fae arer qiesr (Vector Jjoining two points)
g P(x. v, z,) #R P,(x,. y,, zz)ﬁf fag € @@ Z
P, P, ¥ fa@M aren wfew pp, ¥ (3
10.15)1 P, 3R P, 7@ fag 0 ¥ faam w
AR e fom &1 w@m s @ W e B
OPIPZQ a © O_Pl'_'_fpz’ _ O_Pz. L : P1(x\],;y{1,z|)

afeq A < e v wE g €0
Wﬁaﬁwwi—iﬁr%rf@ﬁ_mjmw% X s 1015

PP, = OP, - OP,

2P2 (X2, 25)

>

3T PP, = (X0 + y, ] + 2,k) = (0 + y, ] + 7k)
= (xz_)61)10“‘(}’2_)’1)}""(Z2_Z1)]2

W ?PZ. EI'T[‘?IT\TFITUT |P1P2| =\/(x2—x1)2+(y2—y1)2+(Z2—Z1)2 éh"'@qﬁ‘;lT‘H

Bl B

SaEoT10 fagst P2, 3,0) T Q(= 1, -2, —4) %l e a1en t@ PR Q &1 W k=

SIENISIGEETIS I

e it G PYQ &I W fawe 2, wywed: P yRfye fag € &R Q sifiw fog 2,

THfeT P R Q 1 faem aren e wfgwr pQ, freAfafed &9 & wra @i 21

PQ = (—1-2)i +(=2=3)j+(~4-0)k

EEIY PQ = -3 5] -4k

10.5.3 @< GF (Section Formula)

o i et fag O o amer P iR Q 7 fog © frent Q

feafa @wfewr Op stk 0Q ¥ fa&fua fham mam 2

fagst Pud Q &t faem aren @ we feet d fog

REW T &R ¥ famfaa fean <1 w@ehar 21 &fa: o

(3Tmpfa 10.16) Wd 9T (3TeRfa 10.17)1 F& &AW =
3Iva qa fag O o @mue fag R &1 feafag @fser OR TRt 10.16 P

A HET 21 B <A fefaal w uh-uw ek o €l
frafa 1 WA R, PQ T 3fa: Tawrfaa wwar & (3merfa 10.16 )1 aR R, PQ &I T4
TR fauifid &3 € fF mRQ =n PR, STl m 3R n &I <1< 2 o 29 e 8
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o g R, PQ &l m:ns U ¥ 37a: fawfrd <ar 21 3@ sl ORQ U OPR §
RQ = OQ-OR =h—r

S PR = OR-OP=7-a
ERSIGl m(b-7) =nF—a) (F?)
12T ;= mbtna (T FH W)

m+n

aa: fag RS fo6 PRQ &I m:noh oqu ® id: fawifoa shear @ o1 feafa wfew

ﬁ:mbinaémﬁwm%
n

m
feafa 1 W& R, PQ &t or@ faurfaa @war @ R
( 3TMERTd 10.17 )| I8 TG HTT &H TSk o oI X
T 99 o ®9 § Bigd € fF W@Ee PQH m:nh

(0}
Wﬁwﬁmﬁaaﬂﬁméﬁglz(i.e., %:ﬂJ

n

mb —nd

=1 frafq wfewr gR = p— o ®9 H 9 g @l ameRfar 1017 P
fewguit afg R, PQ &1 HeA f6g & A1 m = n 3R s@faw feafa 1 @ pQ o we fag R

wmﬁmﬁ=d;b$wﬁm|

saTetor 11 fag P ek Q ofifse e feurfa wfeer OP=3a—-25 3R OQ=a+hb
g1 T W@ fag R o1 feorf afker o wifse st Pud Q w1 fiyet aeft 3@ =i 2:1%
STIIA (i) 7 (i) TR fafe war 2

Eyl
() P 3R Qehl Toem™ arelt @ =i 2:1 % 3 § 3fq: fawifsa & ot &g R

1 feafq afzw 2 ~ .
— 2(a+b)+(Ba—-2b) 5d
OR = 3 E)

(i) P 3R Qi fiei =t 1@ shi 2:1 o 1 o sTel fawiford s ot fag R
feorfa wfew 2

. 2(G@+b)-(3d-2b)
OR = 2-1 -

4b—a
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Tfora

SETETT 12 <WIEY Tk fag A(27 — j+k), B( —3]—5k), C(3i —4j —4k) Th Guhivl
[ECEICORi ]
T EH UM € R

3R

AB = (1=2)i +(3+1)j+(-5-Dk =i -2j -6k
BC = B=Di +(—4+3)]+(—4+5k =20 - j+k
CA = (2—3)f+(—1+4)}+(1+4)l€ =_{+3}'+5/2

zaor fafed eom fSe R

IABP? = 41=6+35=IBCP +ICA P

a7 fean gan st ww wshion st 2

wn A W N

=)

10.

11.
12.

|[woamaett 10.2]
. Trafafea afse & ofmm &1 afee Sifaw:
G=i+j+k  b=20-7j-3%k: a:%n%;_%é
A g & < fafa= wfkw fafea)
g feen ot 1 fafv= wfew fafau)

x 3Ry % WM T I aifs G 20 +3] 3R 1+ y) wEe

T HiE 1 AR f6g (2, 1) @ 3R eifaw fag (-5, 7) @1 3@ wiew o arfew
T§ e ¥ A wifaq|

WA G=i—2]+k, b=-20+4]+5k IR ¢={ 6] — 7k 1 aAnThet T Hifor]

. WSS =1+ ]+ 2k o SERY TH G WY A6 S
. 9few pQ, & W U AT A HIfST Sef fofg P 3R Q wwwn: (1, 2, 3)

AR (4,5, 6) B

. feu gu wfesi a=20-j+2k M b=—i+ -k, fou, wfewr a+b &

STfSY AR A9 TMd hifad|
Tfew 57— j+24 F SR Th @ AW A4 KU Frwer aimm 8 3R 2

Tten fop wfewr 27 — 3] + 4k $R—47 + 6] — 8k w@ 7
Tfew f+2}+3l€ Eal ﬁ%" cosine HA hiferq|
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13. fsgswi A(1,2,-3) W B(-1,-2, 1) &l M Al THA® B &1 ™E i @few
%t f&eb cosine ¥ whifSU

14. e & 9@ [+ j+4 S8 OX, OY T OZ % T SRR FohT gaTl 2

15. fogatl P(f+2j—k) IR Q (=i + j+k) ! faem arefl Y@ =t 2:1 & fqud
(i) ¥a: (i) 9, fawfsa @ ae fag R @1 fofa afger 3@ sifsw)

16. = fagefi P(2, 3, 4) 3R Q(4, 1, —2) i Toe™ et |iger &1 we fog F@ sifey

17. <uign f fog A, B 3R C, fomer feofa ik shmen: a =37 -4 -4k, b=2i - j+k
AR E=1-3]-5k €, Th GHHI0 TSl o 9l o1 Feior s €

18. TSI ABC (3Tehfd 10.18), o forg frefafaa & @ w9 o weq ¥ &l 2l
(A) AB+BC+CA=0 C
(B) AB+BC-AC=0 //ﬂ
(C) AB+BC-CA=0 8 .
(D) AB—-CB+CA=0 3R 10.18

19. =fx @ I b <) w@ wfew & @ Frafafad § @ S @ FoA 6 @ 8
(A) b=0M\a, foed atfemr A& fow
B) a=+b
(C) G 3R b o HHN 52 THEUE el 8
(D) =HI 9feel g qen b 1 faen gam @ Ry afmm fafe= &)

10.6 =t A9 T TUE% (Product of Two Vectors)

a1eft % THA TR o ANTHS U Hesho o SR H 1A Rl |1 o1 SN SSsvd
Tl o1 TUFHE TR Teh SO Sioe HiehaT i =l S 1 B0 TROT T Hehd B
o < HEmet 1 UFTT Tk GEA Bl €, S SRl 1 UM% Tk SR el € Ty
worl i fErfd § 80 5% S YR @ ON T Fehd € AMd: & Herl w1 fagar uH
TS < ol T HASH| E YRR |ieel w1 quE ot &1 alter @ qRefia fran s 2
A AT TUHR Sel IR T e e ® SR |igw ek sl uion
wfew 2 81 Wil % T S WER % Wl & STHR W i, At T
iRt ® ek fafe= Swa €1 59 uRees H 81 3 < YR o UGl i ==t Sl
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10.6.1 Fﬁ Fﬁ?ﬁ &FT 37fI9T TUTT®RA [Scalar (or dot) product of two vectors]
aftarer 2 < YR |l @ 3R b sfew AR G- b ge e e S 2
ARTWG-b =ldllblcos®s w7 § uRwfia fean S 21 ;,
SRl 0, G 3R b, b aAE R B R X 0<O< 7 (MR 10.19)1 /
A G20 e 5 =0, 1 o TR T ¥ S T e A L
e G-b = 0uRefE wd € 2ot 1019
weror
l. G-b U orifas §e 2|
2. A offST fF g ek b 9 YRR Wew € 9@ 4-b=0 IR MR Hhaa AR
G R b R Aded ® AU g-b=0e alb
3. aRO=0,99 G-b=ldllbl
fafered: g.a=1a P, Fife 3q feafa & =072
4. R 0=n, T G-b=—lallb]
fafymea: a-(—a)=—lal®, s fo 39 feafqa ¥ 6, n o aUeR 2
5. ggzw3$ﬂtﬁﬁwquﬁsﬁf,} TS k, o fou gq U

P = ke
o Pi=jk = kiz0
6. & AR AW 5 3] p b &= &1 FI0T 6,
cos0 = a.b# HoE @ =cos”!| 42 g e i 2
lallb| lallb |

7. fge ke wH fafea € steiq
i-b=b-a ()
STIIT UHHA & = 'H%c_d"{l'l'f ‘Tﬂﬂﬁ (Two important properties of scalar
product)

Toterd 1 (SR UEEE F AR W faw fEm) w e g, b ek ¢ 9

aew e q@ a-(b+¢) =a-b + a-¢

Torerd 2 W AT g el b & wRw € ok A U ey 7,
(\d)-b = Md-b)=a-(\b)
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afg & few wew w9 W af +a,]+ak T bl +b, )+ bk, TR B E 9 AR
aIfew AR Frefafed w9 § 9 g €

G-b = (af +a,)+ak) (bi+b,]+bk)
ai - (bi +b,j+bsk) +ay ] - (b +by]+bik) +ask-(bi +b,]+bk)
ab (- +ab,(@ - ))+ab,(-k)+ab, (j-1)+a,b,(j- ))+aby(j-k)
+ azby (k1) + ab, (k - ]) + azby (k - k)
Ewe o 1 3R 2 H ST HE W)

=ab +ap, +apb, (Y& 5 =1 ST T W)
39 YR G-b = ab + ab, + a;b,
10.6.2 Tk TIQIT &7 ToRdt I@T 9T G gAY (Projection of a vector-on a line)
M e for weh wfew AB fordt fow @ [ (9 ofifsw) o = ammed foen 9 0
IO A B (TP 10.20 RAT) @ AB HT [ R YET TF WES P (HA wAr0)
@ foreht afAmT 1 AB Il cos6 | & 3T forert fwm o1 /sh1 fagn o qwm e faadia g
79 o W R ® TR cos @ e © 9@l SRUcHes| WG9l P ol Y& Wiy wed &
AR 3Tk i | pl, fffe W@/ w afke AB #1 Y8 FEdll 21 SSRE:

frafafad & @ yed® amepfa & wfgwr AB #1 t@n [ W wely wfzw AC |
[3TTeRfd 10.20 () § (iv) 7]
B

B
Z(\; i :\<\e I

9 Ed
A I C C ;) A
(0'<6 <90" (90°< 6 < 180"
(@) (ii)
FA;) 9 >
O A N M~ P c !
“ .
180'< 6 <270’ B
( ) (270'< 9 < 360"
(iii) (iv)
3TMeRfd 10.20
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g

1. @[ ofew Ak p o ofew € @ @1 (W A9 g 1 9e 4.5
g 2 i

2. wR g TR A G WA a6, s [|Z—|)3‘l%ﬂ
T 2T

3. A O=0, @ AB o Y89 Wiy @ AB B SR AfE 0 =1 @ AB 1 ¥&Y
qfesr ga B

4. W&'h%@mm e=%ﬁ@wu@%wﬂﬁﬂ%ﬁm

feuuit afg o, B 3Ry afe d=ai+a,)+ak o fep-hI01 T A 3UH! K-

frefafad &9 & W w1 1 Gkl 2l

€

|E|(a-b) q

ai a a a
cost=—-——=—"_ cosB=—=, and cosy=—-
lallil lal lal lal

Tg ft = Y 6 1G1cosa, ldlcos 3R 1] cosy FHA: OX, OY T OZ
31'1"&@'[ aéw&h%‘awmﬂﬁm a%mﬂﬁal,azﬁ'{ a, M x,y,@z?ﬂa
o SR 5 o WY B 38k AR AR 5 T I AfGw © 79 HR! fSep-hiarE
HT e |

d = cosou +cos P + cosyk

% ®9 T fered o s Hehar 2

TETETUT 13 J WESH 4 SR b & qfEr wEen: 1 3R 2 ® 9o a-b=1, T ufEen &
Eleicaicau s cRca sy

To fem gan € a-b=11d1=13R1b1=2. sm:

a.b 1
9=cos’ flba =cos ' (_JZE
lallb| 2) 3
TETEIOT 14 WY G=i+]-kdMb={ - j+k o = FH KT I BT

T o 9wl 4 AR b % o= w1 w7 0 T g e ©

cosezf'—ba@W%ﬁT%I
lallbl
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& Gb=>G0+]-k-(-j+k)y=1-1-1=-1
WW%’HW%T\E cosez%l

a1 a1 = cos 1(——) 2l

TEETOT 15 ARG a=5i— j—-3k 3R b=1i+3]—5k,d 3uiew fF G@RW a+b 3R
G —b osed 2l

T Ww%ﬁﬁwmwﬁﬁ%ﬁmw&ﬂmw%
Rl a+b—(51 ] 3k)+(1+3] 5k) 61+2] 8k

S G—b = (51— =30 = (f+3]-5k)=4i —4]+2k

T G+D)-@G—b) = (61 +2]—8k)- (4l —4]+2k)=24-8-16=0
3 i+b ¥ G-b weer A

SEAEIOT16 W G =27 +3]+2k 1, WD b =i +2j+k R 989 @ HIfSC
T WRW g &1 9fRkw ; | 9&

1 - 10 5
LG - 2.1+3.242.1)= \/_ 2
T JO? +2° +(1)? Jo

SEET0T 17 A% < GRW G 3R b 39 YR € TR (41=2, 1b1=3 3R G-b =47 |G—b|
[ hife|

1 89 U € R
la~b[ = @-b)-@-b)
—ad-a-b-b-a+b-b
= a2 b)+b P
= (2’ -24)+@3)
ERISH la-bl =45

IEMETOT 18 9(E G Ueh |k |iEW € 3N (¥ —a)-(F+a)=8,d | ¥IF@ &)
Tl Fifw 5 T UEE G T, Tl ja1=1. 98 off fan gan ® fw

(x—a)-(x+a) =

rgan X X+X-d—-d-x—-d-a =38
SRC] 1% -1 = 8 {oi_ X 1=
ERI =3(wﬁmwwﬂ%wm%
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SEEIOT 19 | | g iR p, o fau g |a alb| (Cauchy-Schwartz
TR |

T S g2 Eiteh Wes ®9 W TR ¢ AR G=0 P b =0. 9% ¥ 9 feorfq o
TI UM B % 1G-b1=0=IG11b|. 39T BH Headl ®id & 1% 1dl=0#1b1 a9 g5

- B C
la-bl - 5 ﬂa«\'b
T lcosOI<1 THera =l /g
_ B A > B
i la-bl <|g
lallb| f1 10,21

SAETOT20 T W 5 qen b o o€ ®Wa (G +b1<ldl+1b | (Fr9si-rafie)
7o § g€ srfhen, I feufddl =0 5 =0 ¥ T ®Y ¥ T T (F 2)| @AY
oM ity o 1dl#0#1b | o

la+bP = (a+b)’=(a+b)-(a+b)

=Gl +2a-b+1b P (3w oHEe wH fafE ?)
< lalP+21a-bl+bP (Fifk  x<lxlVxeR)
< laP+21albl+1bP (3[R 19 9)
= (lal+1b1)?

I1a: ld+bl<lal+1b|

o Teouit | s fee-srafie § S uRon e @ (STYE SeE 20 H) ateffq

lG+bl= ldl+Ibl,dd

IACI = IABI+IBCI
fag A, B 3R C 9@ <wifan 21

SETETUT 21 ST T f8g A (<20 +37+5k), B({+2]+3k) 3R C(7i —k) 5@ 2
ol B9 U H o

AB = (142)i+(2-3)j+(3-5k=3{ - j-2k
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BC = (7-Di +(0-2)j+(-1-3)k =6/ — 2] ~ 4k
AC = (T+2)i +(0=3)j+(~1-5)k =97 —3] -6k
|ABI = V14, [BC|=2414 sk 1ACI=3/14
FHITY | AC| = 1ABI+BC|
ar: fSg A, B 3R C W@ ¢

S 21 H oA T 7 AB + BC + CA =0 Wg iRt oft faig A,
B 3R C fsyst o wfiel o1 frwAfor & s €

|[woamaett 10.3]

1. < wfeel Gaen b o 9RA HEA: 3T 2 ® 3R a-b=+/6 € @ a4 aMb
o &= 1 HIU G Hiter

afee §—27+3k 3R 37 -2+ k% &= H FHIT F@ HIS

|few [+ j WOEfE® [~ A 9E 706 it

TR [ 437+ 7k 1, GEA 77— j4 8 T H& Hq hifs)

Tuiisy for KU gu Fefofad @ afcel & @ g ame gk 2,

wn A W N

%(25 +3]+6k), %(35 —6]+2k), %(6? +27-3k)
7% off quiEse fF 3 9w WeR Th g & ofead ¢

6. AR (@+b)-(G—b)=8R1al=81b| B d |4l W& |b| 7@ i)

7. (3d—5b)-(2d+7b) % TH @ HifT

8. < |fewil a 3R b o YRV T1a HIfS, AfE T7eh IRA GAE € R T & o
WW60°%HWW§F@TW%%I

9. If TH A 9w 4, o fau (3-a)-(F+a)=12 g @ 1| I wifSu
10. AR a=2{+2j+3k, b=—i+2j+k 3R ¢=3{+ ] HATFREFF a+Ab, ¢
T od g, @ A HH FG RIS
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11.
12.
13.

14.

15.

16.
17.

18.

Tfora

Twien foF < YR Al a @Rk b & f 1@ 1b+1bla, 1alb—1bla ™ a2l
e G-a=0 W G- b=0,d G j o ar ¥ w1 Fepy Feprenn ST Gehal 22
I G, b, ¢ W WY TH YR BT G4b+c=07 a-b+b-c+¢-a%H 9
M shifra)

% G=0 SwE b=0, 79 a-b=0 WY AT B TA B EwAF T T
Th 33 G 30 IW & Jfie SIS

7fg ferelt B9 ABC o ¥ A, B, C %591: (1,2, 3), (=1, 0,0), (0, 1,2) € di
ZABC ¥ &IfSul [ZABC, @f€elil BA U8 BC o 9 &1 &0 2]

T3ifsy fF fag A(1, 2, 7), B2, 6, 3) 3R C(3, 10, -1) ®@ 2l

Toifzn fiF wfewr 20— j+k, {—3] -5k 3R 30 -4 4k wF TR I F
3ol 1 T e 2

g IR AiE 4 1 9RA @ 7 IR A Tk IR {9 | d Mg Th e
afew & =g

(A) A=1 B)A=-1 (C) a=IAl (D) a= 1Al

10.6.3 Fﬁ ?—'Iﬁ'?ﬁ &FT @ieor TUTTERA [Vector (or cross) product of two vectors]

s 10.2 ® g -fordia sfomadt wueifore fdene ugfa =1 ==t &1 ot 3|
Tgfd W eFTcHe x-3181 i ATHIE S[HTehY €IcHe y-31&1 T ST STl © al eHTeHeh
-3t w1 foun H U Sfeoned (WEIfTR) 49 SR B S © (SRt 10.22G)]1

Tk <faqorerd! feenes Tgfa § S19 <W 81Y i STl i HFIcHe x-3187 hi fegm

Y QW YFIHS y-318] HT TP Faed [oha Sl & d SFRT SFIHS 2-3787 T 3R Teohd HIl
[3TTeRfd 10.22 (ii)] B

V/
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Tfterer 3 J YR Gkwl @ qen b, H 9RY HAES axb
Fafe fo ST 3 R axc = 1al5 1sinB 7 % w9 F W
foren ST & STl 0, @ SR b o e 1 FW T SR 0<O<mEl
7El i T W W W T A § iR b, T W e B
T YRR g, b den 7 Uk Seqomedt wgfa i fAffd e @ Vaq@'ﬁmo.zs
(3MeRfd 10.23) Aiq Iferomerd! 9gfd ol G W b H WH IAH W I8 7 &1 fwn o
<ot B

A% G =0 1@ b =0, 99 6 ufenfia 72 ? 3R 3 fefa o &0 axb =0 gRenfia
F 2
ﬁ?,{l'UT:
1. dxb ws |y 2
2. 99 WU g ¥R b Y IR dRw § 9@ axb=0 IR IR FHad AR

a 3R b Th T o THR (e W@) e

ixb = 0allb
fafemed: axa=0 IR gx(—a)=0, Fifw gom feafa & 0 = 0 qen f5ef=
feafa # 0 = n, form@ <A & frafeal & sin 6 1 7 = & S R

3. aﬁezfaﬁ axb=lallb|
4, ﬁwzﬁzs%wﬁﬁwmwmz j ¥R k=
o (emepfa 1024)%1?111?}%%

AAAAA

ix]=k, Jxk=i, kxi=]

5. e TUFEA F1 G § & Wie G 99l b o o= & FI0 Wﬁ'wﬂ
o fr=fafad w9 & wra =ian

6. 7€ Hagl WA § o Wiyl kel e T e g © it axb = —bxa
ad § Gxb =|dllb|sin0A, &l g, 3R ;4 T Sfaromed ggia o i s
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Tfora

g ol 0, G Wp Hl TWEH THF HA Bl Sl MeRd 10.25(i) Sew
bxd=lallblsin®a, & b, G R A TF Saomed wgfa w0 AT w5 €
AU 0,5 W G i AR THF A Bl € Aehta 10.25(ii) |

n

@@ 3R 10.25 (ii)
o14: A% &8 I8 W o} € foF G AR b S TF & HS % qw §E A A AR A
Tl TS o el T e B UG A IS HI R O (4 B SR 7 e
Y = & W e g AUl A4 = -
T JHR axb = lallblsin®i
= —1GllbIsin®p, =—bxd
U0 4 3R 6 o Ged o
Jxi=—k, kxj=—ieRixk=—]}#
Az @SR b Bqe 1 Hora yemet #1 Frefm @ & @ e w1 dewd

%Iéxl;léamﬁwﬁ'm%l &
1951 o &sthel sh1 TR % STTHR B9 ST 10.26 f/\

G

A .

@vﬁ%ﬁﬁﬁaaABcamaaw=%AB-CD. D P B
3Tk 10.26

g AB=|b| (7521 €31 ®) 3R CD = |4 |sin®

3d: 19 ABC &1 &t =%Ilgllélsin6 =%|axz§|

I G 3R b THIA TGS BT Ger qonsl 1 i Fd € a1 SHid aq9s &
AFA |Gxb| % ®1 H 9 Bl 2l
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aepfa 1027 @ &9 U € fF @A@
=q¥sl ABCD &1 &9%d = AB. DE.

WY AB=Ib1 (fgar gam ), i

DE=lalsin® 31qd:
AR =qds ABCD &1 &5%d =
3TTeRTd 10.27

Iblldlsin® =1adxb|

319 TH <9 [UAEA oh & Hequl U i AT |

TEUT%’II:f GfeeT qUAT T AR W faaeer f=H (Distributivity of vector product
over addition) I g, p 3R ¢ dF A< g IR AT afew € A

(i) A@xb) = (Ma)xb=ax(Ab)
N AU AR G oK b Sesw W BEN: af +ay) +ak 3R b7 +b, ) +bik

j ok

i
feu gU € 9 39k GRY AR Gxp = |4, a, ay| G A S HhA 2
b, b, b,
AT g9 U ¢
Gxb = (aji +a,)+ak)x(bi +b,] +byk)
= ab (I xD) +ab, (1% ) +aby (i X k) +a,b, (jx1)
+ @by (JX ) +ayby(jxk)
+ azh, (kD) + asby (k% J)+ asb, (K x k) (Torerd 1 9)
= ayb, (I x ) —a,b,(kx1) = a,b, (i x J)

+ a,by(jxk) +ab, (kx1)—asb,(jxk)
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(FfF I xi=]jxj=kxk=03R {xk=—kxi, jxi=—ixj3WRkxj=—]xk)
= albzlg —aby]— azbllg +aybyi +ash, ] — ab,i
(FfR Ixj=k, jxk=i S kxi=])

= (ayby —ashy)i —(aby —azb,) ] + (ayb, — a b, )k

i gk
= Cll Clz Cl3
b b, by

AR 22 AR G=20+ j+3k R b=3{+5]—2k,q laxb| € FHifem

& @l
i J ok
ixb =02 1 3
35 =2
= {(-2-15)=(=4-9)] + (10~ 3)k =177 +13] + 7k
A \5><5\ = J(=17)> + (13> +(7)° =507

SETET0T 23 GRS (G+b) AR (G-b) § W YAF ok Addd WHH HEW A€
HITC &l a=i+j+k b=i+2]+3k B

TATHUNE R a+b=21+3]+4k R a-b=-)-2k

T G, W a+b AR G—b I R A 7, FreAfafed 57 59 @

~ A ~

i j k
(G+b)x(d—-b) =2 3 4|=-20+4]-2k (=¢, AAHIRM)
0 -1 -2

I¢1 = Ja+16+4=-24=26
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ferelt o1 W < wierer o Bt €1 o1 G +b 3R G — b T SO e
e Gfew f \/7]+%i€\ BN R T (G —b)x(d@+b) F T 9RO 2

IETETUT 24 T TSl &1 &9%a a9 &iteg fwes o fag AL, 1, 1), B(1, 2,3)
R C(2,3,1) 2l

Tl g9 U ® fF AB=j+2f @ik AC=/+2j.fku gu fqs #1 awa

1 — —
—|ABXACI 3
2
ij ok
o ABXAC =0 1 2|=—4i+2j-%k
1 20
BT |ABXAC| = \/16+4+1=+/21

1
a1d: a1 e 5@%

SETETUT 25 3H THIR TGS 1 SAHE T RIS e Herd o G =37 + ]+ 4k
R p=F-j+k 500 & T T

zor fordl TaiR aqds &1 Hoar el G @ik p € df SR &FAFA [Gxb | 5N
W BT 2l

~o

ISY
X
S
1l

—_— 0 e
—

- s =
Il
[}
~->
+
~o
|
N
banbY

TaferT laxb| = 25+1+16 =+/42

TH YRR SOYIF &R \f3) T
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1.
. WY G+b 3R G —b I e TN H e e 6 SR g =37+ 2]+ 24

10.

11.

12.

[os=marett 10.4]
g G=i-7]+7k AR b =31 -2]+2kdl 1axb | HISY

R p=i+2j-2k @

. IfE Tw AEe 9w a,f%wu%,}#wu%aﬁ?ééwu@%we

A S A O T W A IS SR SHH! TRl U G o "k i 1 i)

. TuIee TR (G-b)x(d+b) = 2(axb)

A @it p I FifST, afE (20 +6] +27k)x (7 + 4 +pk) =0

. fmeme @ a-b=03Naxb=0.9R% a R b & IR A 19 F Frohy

et TFd &2

. OF oo 9fe®T 4, b, ¢ HESl: alf+a2}+a3l€, b1f+b2}'+b3l€, clf+02}'+c3l€‘8b‘

w9 ¥ XU g ¢ 99 SWiEy fF ax(b+C)=dxb +axc

. ARk a=0%1ETb =0 qd axb =0 B T T faam g 87 I gfed W

IW &I gie FHifSw)

. Tk TS o1 ket S ehifere ftEes 3 A(1, 1,2), B(2,3,5) 3R C(1, 5, 5)

Toh I =S T Al 1 SIS Skl Her ol |est 4 =7 — ) +3k 3R
b=2i—7]+k g fuifta €
M efifse |feer @ 3R b 38 TR & fF 1d1=330R |5|=%,aa axb TH

T |fE9 & A 43R b ok &g H FI B
(A) 1/6 (B) m/4 (C) w3 (D) ©/2
Tk ofFd & I A, B, C 3R D e feufq gfewr swown:

~ 1/\ ~ ~ 1/\ A~ A A A A A A .
RACYARSEREIALIS i—%j+4k 3R —i—%j+4k,%\ F1 & B
1

(A) 5 (B) 1

©) 2 (D) 4
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fafaer sergvor
IERI0T 26 XY-ad § |t Arres wigwr fafaw)

T WH WG fF F=xi+y), XY-a01 § Tk HOR GE9 © (3R 10.28)1
3MTepial o 3TTER 8 U & o x = cos 0 31 y = sin O (T | 7l = 1). sEfeTy g9 Higw
ol

7(=OP) = cos6i +sin 6] (D
% ®Y ¥ for@ dhd B
TR 171 = Jcos* 0 +sin?6 =1

P(cos0, sin0)
% A
OP’ = cosO1i
% ,'\
>X P'P=sin0J

<

r 0
X

\4

3TTeRTd 10.28

S-S 0, 0 ¥ 21, % URafdd g1 © g P (3Mepfd 10.28) amed faem § o
X2+ y? =1 o1 ST@U il © SR 36 Geft gofera feemd wfwferd €1 em@: (1) 9 XY-
a1 o Yok Wk |Gl U el @l

et 27 ARk fage A, B, C 3R D, o feafa afgwr wmer: {+ j+&, 27457,
3 +2]-3k siRi—6)—k ¥, W T@si AB TN CD o <<l T IV T1d HiforC
e HifsT fF AB 3R CD 5@ ¢l

Te e FU fF A 6, AB iR CD, & = 1 101 £ @ 6, AB 3R CD % <= &1
off hro7 B

SiC| AB = B o1 feafa afger — A1 feufa wfsw
= Q+5)-(+j+k)y=i+4]—k

Reprint 2025-26



380 Tford

ERI |ABI = 1 + (4 +(-1)* =32
Tt YHR CD =—2i -8+ 2k 3RICD =642

AB.CD
3Ad: cosO = —lﬁllc—Dl

1(-2)+4(-8) + (-)(2) 36
T 362 36
FifF 0< 0 <7, 399 W< g1 € fF 0 =1, 7€ 9@ & fF AB 9 CD T T

&% W@ 2

=1

Tareheaa: TB:—%CTD,WWW%@ IR cp W@ Hiewm T

SETETOT 28 WA ST g, b R ¢ o WK 38 YRR B R |G1=3,1b=4,1¢1=5
3R 370 9 e, o9 I AR o ANTEA W oAded & @, |G+b+¢| T ity

T e M e a-b+6)=0,b-C+a)=0, ¢-(G+b)=0
S lG+b+CP = (@+b+C)-(A+b+7)
—d-d+a-(b+3)+b-b+b-(G+7)
+ C(G+b)+Cc
=1alP +1bP+I1¢P
=9+16+25=50
ey la+b+¢l=50=5/2
SEETT 29 A WER d4,b IRE wiEH G4b+c=0 H HIE FW@ B AR
lal=3, |bl=4 3R |Gl=2 AU w=a-b+b-¢+¢-a 1 94 @ Hi
T iR G+b+¢=0,3afT 70 UR €

a(a+b+¢) =0
e G-d+a-b+d-¢ =0
zgfem a-b+dc=—-al =9 (D)
KSE b-(G+b+¢) =0
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Tl N
(1),

Ell
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a-E+E~E=—|B| —-16 )
b )

Q
A
+
@‘
A
I

4;

(2)3ﬁ1(3)ﬁsﬁ@ﬁmmmﬁ%
2(d-b+b-c+a-c) =—29
29

2u=-29,ie., u= N

msow&wmwaﬁ?ﬁ i, j 3R k, I afomad gsfa o wme

~Jj, B=2i+j-3k, @ B B=f, +p, F T H tfreraa =i =T B,

#W%aﬁi B,, & & oiaer 2
T AE Wit B, = Ad, A T Sfew B St B, =307 — )

EC| B,=P-P, = -3 +1+N)] -3k
E2lED B,, & W o9 & TEleT &, =0
et 32=30)—(1+A) =0
3rqEn _ 1
2
3, 14 1. 3. &
W Bl:EZ_EJ 3ﬁT B2=51+E]—3k
e 10 ¥ fafaer gonaeit
1. XY-9a ¥, x-3781 ! & <9 o T amred f59n § 30° 1 v =+ arefl

ek wiky fafau)

ﬁgP(xl,yl,zl)GﬁTQ(xz,yz,zz) i THeM arel wfewt o sifeer sees St g
M shifera)

Tk AgHT UfT=m 90 o 4 km =il 81 3Tk I o8 SR ¥ 30° U= #I
o o 3 km =erdt € SR &b Sl 81 T o YR fog o eigent i fagem
T hiferq)

IqfE G=b+¢, 09 FN 98 A B ok 1dl=1b1+121? 394 ST 1 gfe iy

5. x 1 9% UM T4 HIC 596 AU 17 + j+4) TH AEE W@ 2

Al G=27+3]—k 3R b=7{—-2j+k o TROTH = FHR TH TH G
T HIFST FeerT IR 5 i 2
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10.

11.

12.

13.

14.

15.

Tfora

C A G=i+ j+k, b=21-j+3k AR F={-2j+k, W 24— b+3¢h

AR Tk A GG G hifey)

. <uisw R fog A(1,-2,-8), B(5,0,-2) 3R C(11,3,7) ¥@ & 3R B g™ AC

i faafsd T aren ST A Hifsa)

. % fagsti P (26 + b) @R Q (@ — 3b) i THeT™ areft T@m i 1:2 o T o e

famfsa % ot fog R 1 feufd @i 9@ *ifSm) =8 o 3emse fo fog P
W@rEe RQ &1 we forg 2l

T THIR TGS BT TeAT oG 27 — 47 + 5% R 7 -2 -3k T 5o fawmoi

AR Teh A TR T HIST| SERT &hd o Fa Hife)

TP fF OX, OY Wa OZ 37&ff o ¥ ek goh gU A3l i Seh-hiamed
. (111

ot £ ) ¢

A S G =1 +4j+2k, b=3-2]+7k 3R ¢=2i — j+4k. T Tar Gl

d T RIS G @R b I WaAa € R ¢.d=15

TR {4 j+ £ T, WREA 27 +47 -5k SR Af +2]+3k o ATES wY feem F

Ak |G o WY (Y [UAE | o e € A ) ol W 1A iy

I G, b, ¢ THMA URHAH o6l TR Teed Wiey € <9z foh 9wt G+b +¢

afeeli g, b q1 ¢ o WY SR g1 §3M B

fas FINT & (G +b)-@+b)=la P +1b 17, A 3 Foa Ak G, b oo 2|

T fRMm g e 520,620

169 19TF o I | F& W H1 TI7 HifS4|

16.

17.

e < Afel g R b % 9 F HUOT A G.5 >0 B AR:

o T
A) 0<B<— B) 0<6<—
(A) 9 (B) 2

(C) 0<b<m (D) 0L£06<T™m
M SAfeT G 3iRb < Ao Ry € R Sk S F FU 0T @ a+b TH
s Gy § At

I o o 2T
A == B == C == D ==
()64 ()63 ()62 ()93
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18. L.(xk)+jixk)+k(@x]) w1 a0 2
(A) 0 B) -1 ©) 1 (D) 3
19. afz < |feell g iR b ok a9 1 FI01 0% A 1G5 |=ldxb | 19 0 FTE 2

A) 0 B z C x D
(A) (B) © 3 (D) ©
QrTST
& T &6 P(r, y, ) # Rfd W@ OP(=7F)=xf + yj+ 2k & R RAW

Je+yr+ 22 R
¢ T iKW o A ek 3Hoh Keb- 3T e 8 AR HAN el o WY
39k 989 i FEfid & B
¢ TH T w1 uRHw (1), Reb-UE a, b, ¢ IR Reb-HMAEA (I, m, n)
frefafed w9 § gafud 2
a b c

l:—’ m=—, n=—
r r r

o I 1 i g B HE W oH W SR Ewigw 9 (2

o < TE-anfn wiewh w1 A T W g wqes o gt @ ww e @
forent der e feu gu wfew 2

¢ UH afest &1 A A TOF ghek ufREmer w4 o | ufRkafdd R <

2 3 A1 HM YT 312E SRUcHs 8 o 3TIER ST f&em i |M
afere foroi T 2

¢ fSu gu gfcw g o fow afew &=i, G & e o 5 wiew 2

lal
o fageti PR Q foror fearfa wfker swwer: g aikp €, &1 foam ol @
m s 0 ST § PR S A g R el aRw ) P s,

m+n

mb —nad

faasH T (i) A faqsH W, % ®9 § 9 2 e

m-—n
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& TR 5 3R p b < 1 10T Q7 Al SHRT S PHABA G-b =1G11b | cosd
o ®9 H U el 21 3% 5.5 < gon @ @ WiEwn g iRy ok " w1 B

i b

1Glb I & W B 2

¢ AR T WS 2R p o o 1 HI0T O A TR WEA OAEA
axb=1allblsin@nh 9 ¥ W g1 71 S&l A Th THN HEH FE@ 2 S
4 3R p ! FiHAfAd w6 o dc o odded € Al g, b 3R A Sr&ome
Traifoe e ggfa i fafdq & 2

o AR G=ai+a,j+ak T b=bi+b,]j+bk IR ) TH AW T @

‘9’, cosO =

Zl+5 = (al+b1)f+(a2+b2)j+(a3+b3)]2
Ad = ()i +(Aay) ] +(hay)k

ab = ab +ayb, +asby

i ]k
ﬁ( Zle; = |q bl (&)
AP\ C,

ofaeTfas gyt

YT 913 1 Fea— Afe 9T o Teh 913 9oed (vectus) § g3 € et
1ol ¥ TE w ey wfew fagia & yofa faer &t fafa w9 1800 &
AEU A WAl ®, S Caspar Wessel (1745-1818 2.) 3iR Jean Robert
Argand (1768-1822%.) 1 38 91d &1 99 fhan f wh e qa o fordt fise
@EE S WEEd ¥ Th GG QL&A q + ib %1 a3 fewm &y foa
S Fehdl B Teh SRS MiTas, William Rowen Hamilton (1805-1865%.) 3 &7a+t
q&ih, "Lectures on Quaternions" (1853 'sc.) T fS Weree & fau Ak o= &1
TN FaH U8l fohdAl o1l Sq=ddl (quaternians) [F® Hv=a st faw @

e W B a+bi+cj+dk, i, j, k % ®9 @ =R arEdtas g@mns w0
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=] 1 2fee fafy afeer =i H-forda sfafer o qon &1 ) 9@en =1
T o1l TUMY &0 F&i 39 o1d o1 Sk 31699 {0l foh G i Heheu 3K 3o
AMTHS 1 fo=R 9ga- &l wgal ¥ Plato (384-322 391 U8) & T a1 wa AT
iR AR SRR Aristotle (427-348 61 Te) % e § & ol 39 9HG 39
SR i weqa ot T 3 1@ sifes aall st w9 fohan 3! THIR agyst
o AR A S W 9 i S Hehdl 1 9ol o gasH %1 @@l faw, B
el BT AN |l &Y H foha1 ST Fehal ©, 1 @S Sterin Simon(1548-1620%.) g
Tee Jal i fefd ® i TE1 9 1586 | S T INUYETh, "DeBeghinselen
der Weeghconst” (351 &% i hell o f9GId) | 9l o JANTHA o SAMHAT
fagTa =1 foaetor foan o fSeeh SR Fifsent o fasha o T q=1 9Redd gal
R 3Hoh a5+l AT i SATh Fehedd ok FHHIT H 200 I9 & T

T 1880 H UH TN “Aifdeh WS S MUTd"  Josaih Willard Gibbs
(1839-1903 ¥.) iR Wk S A Oliver Heaviside (1850-1925 %) 3 T&H
Tl o SRt (3If<ET) 9N i Hiedieh (TfEET) 9 ¥ Yereh hid g« Hige
fargeroor 1 gor feman oM T 1881 3R 1884 H Gibbs 3 "Entitled Element of
Vector Analysis" % Teh @HWW@I ELS) Wﬁﬂ'ﬁ&"ﬁﬁlﬂ Tch ShHAS
T it foeror fean gam om qenfy |f<en o6 STqyEr 1 (%90 i &l Hifd
D. Heaviside 3T P.G. Tait (1831-1901 £.) &l 9 & fS=i7 39 fawa & forg wefe
T e 2
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12082CH11

far-fasdita warfufa

(Three Dimensional Geometry)

**The moving power of mathematical invention is not
reasoning but imagination. - ADEMORGAN %

11.1 HftwerT (Introduction)

Fe XIH, dvcifteh Safafa &1 e ) gng fg-fada
3R f-faria fawai o ufed o 94 @ i Shad i
fafy o ifa W@ 21 39 g & fuzd e o e
Tl 1 ot HeheureAl 1 1ere fehen 81 ot B Hiew
o sterTiorg @1 f-faefter senfafa o ST & f&-fada
sfafa ® 36 U 1 IR € R 7 S5k st w6
G T T GE(ool (GO S A B

AR w9 &
foaeita Tanstl & = <Adq 30 9 T 9 i T fog
@{ﬁéo‘i%rwﬁ %ﬂﬁwﬁﬂﬁﬁmmmﬁ@ Leonhard Euler
sTfereRTer GROTET &1 | o &9 § W % 21 aAd g6 (1707-1783)

TR AT Y H ot SR w4 S e o feefq w1 oy safade iR faverones
TersToT Jeqa X Heh |

11.2 3@ 6 ﬁ*{—aﬁ'{?@? 3R fder-31quta (Direction Cosines and Direction

Ratios of a Line)

A 10 H, TR K, 7 gt fog @ oA arelt |fger W@ L gh x, y 3R z-s1el
o T HAI o, B 3R y S T 107 Feh-h 101 HEA & Ta T HI0N T hIHET AHG:
cosa, cosB?ﬂﬁTcos’y%@T L & f<&-sMEEa (direction cosines or dc's )hgard! F

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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ot 5 L fom i 9 3% ¥ G -, S TR § e o, 1B R
Ty H 95A WA 71 39 YR, fKh-HEd o fog 95 9 g

7
A
f£-~~"~"~""===""9 AL
. P :
CEEE BRI '
2 :
r 1
Y |
p N
“/o g Y
X
X
STTeRTd 11.1

e e, sfafer § <) T Y@ o | faudia e o «er wehd € SR Efae shen
fep-iamEd o < @qe ¥ zEfae faler § 9@ @ & fau K- & afgda
g o fau, 39 96 @ & T a9k W@ o =feul 9 sifgdia fesp-wieme @i
l,mﬁ?na?mﬁﬁ‘?mﬁlﬁ%
femuft siafer o <t T Y@ A gt fag @ 7 Tt € @ Hent [Kep-shiaed w1 9
F o fau, 50 0w fog 9 § T W o 9| T @ died ) o gt fag 9 e
T U qfew W@ o fEeh-Srud A6 i € Ffe  qHiR st & fKep-srumal o
T E () ' T

T @ o Kp-HhEE o Fau Sensti i W@ o fSep-3Tq9 (direction
ratiosordr’s)aﬁﬁ %I qﬁ@i@%ﬁﬁﬁ—aﬁ'ﬂﬁ:{ Lmnd ﬁ@"—\’vﬁ{% a,b,cﬁﬂﬁl
WWKG R T a =M\, b=Am 3R ¢ =\n

O wEH eh-aurd #1 fg-gen o Fed 2|
M AT Tk @ ok &k~ a, b, ¢ 3R @1 H Rep-FEEA [, m, n 21 99
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zgqfeTy l=ak, m= bk, n =ck .. (1)
g P+m*+nt=1
sHfeTy B@+b+c)=1
0 k +;
- «/az+bz+c2
3@ (1) 9, @ & Rep-FEEd (de’s)
=+ a b he c

— m=t n=1
\/m \/az+bz+c2 \/az+bz+c2

frdt Y@ & fau afs Y@ & fKo-orgua w99 a, b, ¢ ®, A ka, kb, ke k # 0 o
feep- ST &1 U T 1 ST U ¥ & feh- STl & 3 Te off S gl
a1d: Torelt Tk T & fep- Ul & e 9uE B R

11.2.1 & )%’g’a—ff I e aret 3@ @t W—aﬁw@? (Direction cosines of a line
passing through two points)
Fiifs @ fu fagel @ B S Al Y afsd B 21 Tuf < fu o g
P(x, v, z) AR Q(x,, ¥, zz)@ ‘\Fl'{ﬁ et @ wi ﬁﬁﬁ—?ﬁw & 9 TR 9 7«
F Hhd (3P 11.3 (a)1
ﬂﬁ?ﬁﬁl@ﬁi@PQaﬁﬁBE—TﬁWl,m,n%ﬁ?%x,yﬁ?z-ﬂ%%@ﬂw
HAI: q, P, Y 2
oM ST P et Q @ ofa wifaw it XY-aa &1 R S fyerd 21 P T
I e Gifae s QS &l N W fHerar 81 a1d "HehIv1 519 PNQ #, ZPQN =y
(3Tepfa 11.2 (b)) @ferT

Z V4
N N
Q
PN \MQ
P N
IY > Y
I) 0
R S
X (a) X (b)

3TTeRTd 11.2
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NQ _ z,—-g
cosy=——=
"“PQ " PQ
XX R _ TN
EEALS cosQL = cosp=——"—
= PQ P PQ

amd: fagafl P(x, y,,z,) 91 Q(x,, y,, z,) I S a1t @r@e PQ for fsh-whiam

X, =X Yo=Y 2% ¥
PQ ° PQ ~ PQ

&

SHI PQ = \/(xz_x1)2+(}’2_)’1)2+(Z2_Z1)2

feouit fagatl P(x,, y,, z,) 981 Q(x,, y,, 2,) I Sigd At {@rEe o fep-rgu 7=
THR ¥ fag w1 wed €

X=X Y= Vp 5= Zp A X =X, Y=Y, 57 2,

SETETUT | A Uk W x, y A0 z-3981 1 HFIeTeh TSR o el ShAeT: 90°, 60° q2m 30°

T IV AT 2§ A fIp-hIHE 10 hifow

W HH Ei éq i@Taﬁﬁ‘_’E—W l,m,n%l GES l=COS9OO=O’mzcos60°= %’
V3

n=cos 30°= —

ISTETUT2 zrﬁ‘;qgmr%@ésﬁq—w 2,-1, -2 € @ HF! Kep-FEET 90 Fifw
o feo-wiamEa fefeq @
2 -1 -2
\/22 +(=1)*+ (=2’ \/22 + (=D + (2% \/22 +(-1)° +(-2)°

2 -1 =2
i 333
Saretu 3 & fage (- 2,4, -5) 3R (1,2, 3) i foam areft @ 1 fGh-hE 9
HifsTT)
T ' WA § fF Q fage P(x, v, z) IRQx,, v, z,) Fi A @t T
[ECEEALIE|

xz_x1’)’z_)’1’zz_z1

PQ ° PQ  PQ
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&, st PQ = \/(xz —x) 2+ (=) +(z—2)
Tgl P 3R Q HWRM: (-2, 4,—5) 3R (1,2,3) %
e PQ= \(1-(-2) +(2-4 +(3-(-5) = 77
Tafers < fagelt 1 frem) Ao Yan # fep-wrE &
3 2 8
N N AN

SETEIUT4 X, y 3N z-37el 1 fEp-hiamea I@ Hifery

Tl x-318T B x, y SN 2378 o T 0°, 90° 3T 90° oF IV I &1 THAT x-3781
1 f&eh-hET cos 0°, cos 90°, cos 90° 1¢ifd 1,0,0 B

Tl YR y-3787 MR z-3187 1 fRep-shiAEA %A 0, 1,0 3R 0,0, 1 2

SETET0T 5 g9IEy R fag A (2,3,-4), B (1,-2,3) 3R C (3, 8, — 11) ®@ €|

1 A 3R Bl et oreft @n o fash-erama
1-2,-2-3,3+4 e -1,-5,7 2

B 3R C &1 fiet areft Y@ o feep-3rqua 3 -1, 8 + 2, — 11 — 3, 31¥iq, 2, 10, — 14 €l

T € foh AB 3R BC o f&eh-21dd THurdt €1 3fd: AB iR BC ¥°Id 8] W
AB 3R BC 341 ® B s9affss 21 3m@: A, B, 3R C @@ fog |

|groareredt 11.1]
1. i€ Tk W@ x, y 3R z-3787 o |9 HA’: 90°, 135°, 45° o 01 &A1 € o THeh!
fep—=h1ETET A1 HifSUl
Tk W@l i feeh-shire T ity St el o @Yl WHE i S 2
IfE Tk @1 o fGep-3rua —18, 12, — 4, & o S8kl {eh-hi@mg @1 8?2
Ty fok o (2,3,4), (= 1,-2, 1), (5,8,7) &@ &
T s & et &1 RKep-sieed 9@ &g Ik s o Y fag
(3,5,-4), (= 1,1,2) 3R (=5, -5,-2)
11.3 3raer U I@GT hT FHRITT (Equation of a Line in Space)

Fel X1 ¥ fg-forfia qa o @netl &1 31299 i oF v 319 gH ke d T& @
o |fY e FIdard GHRON i A H|

n A W DN
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e Y sfgdted: fuifa et 2, afe
() @e fu foag @ & 7€ fKon @ g Wt 7, AW
(i) o7 I & T fagett ¥ e S

11.3.1 73U 7T faig A @ S areit 797 9T 7T QiEsT b & QI I@T T THIHIOT

(Equation of a line through a given point A and parallel to a given vector b )

eIt Feene fem & 7a fag O & wmHy z 3
e T T B A S s i s

foIg A" WM areft qen fRu T afeer p o T A p—!
W@ 121 A e R R fem Tt mee iy o
P w1 feafa afgwr 7 2 (emepfa 11.3)1

a9 AP Uf<¥ p o HIR € 1¢id AP=Ab , Sl G)
\ T ardfash §e 2 3

[ 3TeRTd 11.3
W AP = OP - OA
A Ab=F—ad
foetia: Jrad A oF J&is 911 o fae 9 9 @1 o fRdt fog P&t feafd wem
A 7| 3Td: @1 T TS GHIH o

F=d+\Mb (D
fewoit afg 5=af+b}'+cl€ %ﬁi@%ﬁ%—%ma,b,c%ﬁ?m:ﬁ@%@
% B3 a, b, ¢ W b = af +b] + ck 1@ % THR S Fel b I b |7 wHe S

|ieyr U | &g ® A= kT (Derivation of Cartesian Form from Vector
Form)

A oifse f& f?'lﬁﬁ A& fdens (xl,yl,zl)% AR @ ﬁ?ﬁ—ﬁw
a,b,c%WFﬂﬁEWﬁ@P%ﬁ%@W(&y,Z)%lﬂﬂ

F=xi+y+zkida=x1+y ]+zk

-
a

=y

>Y

R b=af+b}'+cl€

T A Rl (1) W wiceentyd ek 1, j @R £, U] i qorl HT TR §W U
g fo
x=x+Aa; y=y +Ab; z=z+Ac .. (2)
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I @l o grad i 21 (2) 9 grEe A e e W, 89 U B

X-X% Y= n_274%
a b c

€ @1 1 HEE GHHOT 2
feoguit afg @ i feeh-hrmed [, m, n €, @ {1 1 T

X~ X YN _ 274 ¥
n

.. (3)

l m

SETET0T6 T35 (5,2, - 4) ® S oreft qe WS 37 + 27 — 84 o WA @1 1 Wi
oIl AT FHIHION i 1A wifs

T T W@ €, &
G=5+2]-4kdR b=3i+2j-8k
WW%WW%
F=5i+27-4k+A(3i+27-8K [(1) T
e Y@ W feorm fordt 65 P(x, y, o) 1 feerfa afewr 7 2, gafa
xi+yj+zk =51+42]-4k+N (37 +2]-8k)

= (5+30) i +(2+2X) j+(—4—8\) k

AT faelias 3 W 89 U © T
x=5 y-2 z+4
37 2 -8
S YT o GHI %] S €9 B

11.4 7 TErel ok A& hI0T (Angle between two lines)

A AT 6 L SR L, @ fog 9 o areft & et € o faep-srqom s
a,b,c 3a,b,c,? I9: 99 AfGUfF L R TH &5 P L, R T &3 Q
amepfa 11.4 ¥ KT ¢ |fger OP &R 0Q W fomR #ifsw) 7F =fifsiw fF OP IR 0Q
% H" T I 9 ¥ I TR HIS fF FiEw OP SR 0Q % Wk F: a,, b,
cl3ﬁ'{a b c%’lsqmeﬂawﬂawﬁme

2272 72
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z
a,a, +bb, +c,c A
c0s0 = | T——— —————| BN ¥&d 2|
\/al +b +¢ \/a2 +b; +c;
A: sin 0% €9 H, {@1stl & o= w1 RO Q1
L
e 1

sin@= /1 — cos” @ o e ® <70 P v
X

1— (aqa, +bb, +c1c2)2
(af +87 +¢7 )(a5 +b3 +c3) 3TeRfa 11.4

\/(alz+l712+cf)(a§+b§+c§)—(ala2 +b1b2+clcz)2

Jlai +07 +¢2) (@ +b2 +c3)

\/(a1 b, —a, b1)2 + (b c, — by ¢ )2 + (¢, a, — ¢, a )2
= 2 2 2 2 2 2 - (@)
\/ (af + b + ¢ \/a2 + by +c;

e fouroit | 5u feafa & 5@ @ L oiRL, qa g @ & oRdt € o e
L, 3L, % 90, 9 fog § o areft ded wHe: L, 9L, o ¢ 3 et
L, 3R L, o facp-3Tqamai o oo faep-shiare & 7 &1 S L, % {1, m,, n, 3R
L, fC L, m, n, @ (1) 3R (2) Frafafen e &

cosO=1l1,+mm,+nn| E2IED P+mi+n’=1=0L+m;+n;) ... (3)

S sin 6= \/(11 my—Lym,)’ —(my ny—my n)*+(n, L, —n, 1) (@)
feep - e1qura a,b,c, AR a, b, c, areft Y@

(3] m% Ifg @ =90°, raiq (1) d aa,+bb,+cc,=0
h_a

(i) TR, A 0= 0, JA (2) @Z—1=b

2 p) 19

319 B9 <1 T@13ll o 19 1 10 Fd SO Toren TEieRor fau T 7| Afe $9 s
Fo=d+\b AR F = d,+Wb, & <t <[ 010 7
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by - by
qad cosO= | ==
|b1||b2|
wrfa w § A e, 0 - 20274 (1)
’ a, b, ¢ -
i B e
a, b, &) @)

% o H HOT & W@ (1) T (2) % KH-TIIG FAN: a, b, ¢, T
a, bz, CZ% ad
aa, +bb, +cc,

\/a12+l712+c12 \/azz+bz2 +c22

cos 0 =

sarEor 7 fu U Er-ge
F=3042]—4k+Ni+2]+2k)

S F=5i-25+pGi+2i+6k)

% T RV JG hITTT

T WM N o= f+2j+2k SR b, = 37 +2]+6k

<l st o wem vl @ ¥, gHiY

s b b-by |_|(+2]+2k)-Bi+2]+6k)
|55 V1+4+49+4+36
3+4+12‘_g
T 3x7 21
19
3Ad: 0 = cos™! (E)
SETEI0T 8§ W@I-F:
x+3  y-1_z+43
35 4
+1 y—-4 z-5
R Ak =
1 1 2
o HEA I T HISC

T Ueell @1 % fKep-31qu 3, 5, 4 3R &0 W@ & fKp-3que 1, 1, 2 21 A 37k
ElckEikau K EEE]
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6 3145.1+4.2 16 16 83

cos 0= = = =

V5222112422 | V5046 sV24 6 15
8

3d: aﬁ%aﬁmcos“{ I{J |

11.5 7 @Rl o HeA =IAaq g3 (Shortest Distance between two lines)
sfafer ® fE < Y@t weR giaess Hw € zZ
A STk d9 H A 30 g )OSR
siafta § afg 2 Terd 9hiR € @ 39k o
HI =FaH 0, 3Tk oE odaq g & G F
g T @ F T AT @Ry,
= T el E ~

T afaft siafe §, T o tEnd 2 c >Y
gt @ S A ufaeedt 3R T & guiw A B
Bl 71 o H U e o g X
STEHACh B ¥ iR T favmeta e SATFH 11.5
(skew lines) Fed & SEELUEAT &H STeRfd 11.5 H x, y 3R z-3787 o SR HHA:
1,3,2 SHE o R I HW R @R Fd 2|

@1 GE=d o foehul o 3rfewr @ ik ¥@1 DB, A% i S 3d o 4 ¥ el
T2 SR o ool o afaw 21 3 Yand faumaets € #ife o waia 7€ € oK wf
frerdt ot &t 2
T Tt & o e < 8 TR e T U e @ @ S Ut W fed
T fog &1 38l W@ W feod 577 fog &1 faem 9wt & aife S9! ofars —<gay @l
<A T tErEe SHl fauHaeta st ™ @e gl
11.5.1 E? faggaeita t@rsit & &ter &t gﬁ‘ (Distance between two skew lines)
319 B9 @3l o 9 i =Aad 4 Fefataa fafta 9 T

T I 1A A /SR [ femaea T @ Q .,
foer Tt (3Tt 11.6) Frefafaa 3 ’
F =4 7»5 (D) “

SR Fo=ad,+pb (2 s ph

STTeRT 11.6
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e || W i fag S fowet feafa wfew g, ofR (R &1 fag T fowet feofa wfew g,
8, oS e =aw g0 Wieer &1 giemn, ST 1 =3 g0 &1 faen § ge&id &1 719 =
HHH B (3R 10.6.2)!

=t 1, &R 1, % o= H YA g A pQ € @ F I p, W, W FA PQ
=1 feem # st Wi 5 39 YRR BN

I}

X

-

.. (3)

I}
I}

n=

| b, X b, |

-
[S)

[iC] PQ =d
&l d, =g i afewr &1 ufmn 21 9 AT g7 SR PQ o <" 1 HI0 0T, 99

PQ = ST Icos 6l
. PQ-ST
g cos 0= pQ IIST I
d h-(d, — d) -
= dST (wﬁ; ST=a2—al)
b X b))-(d, —a
S e ICL L
ST |5y x|
Tgfa 31+l =Aaq <d
d =PQ = ST Icos 6l
0 d= (b ng)'(?z_dl) 2l
| b x byl
HAT BT (Cartesian Form)
el
X YT 2T
Yo - b S
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IRk lz:x_xz Y= _27 %
a, b, c,
o o= 1 FAad SU e
X=X =N 7%
a by G
a, b, c,

Jbie, =bye, + (cay — 0, +(aphy, — arh,)’

11.5.2 GaTa¥ I@T3f & dier & gu (Distance between parallel lines)
RIS ce i SRSt e A o A L B 2 M

7= a +Ab . (D)
S F=d, +pub ()
g, Wl |, R fag S @1 fearfa wfew g o WG T (@) 1
=1 feorfa wfew 6, © (3T 11.7) B ’
Ffe [, R [ FEae B A g TH [ W

T T e 1 U P B qa T@stt [ SR [ o e 0 P I
<& = TP S(a7)
M ST foh @feel ST 3R b oF 1= =l 101 07| T, STFH 11.7

b x ST = (1b11STlsin 0)# (3
STl Y@t [ R [,% T W @ 3R qiew A gl
g ST = @, - G

e (3) 4 29 I € &%
b x(@,—d,) = |pIPTA (A% PT = ST sin 0)

i |bx(d,—a)l = 151PT-1  (asla | =1)
THIAT T {Enst o sftE <AaH g
d= IPTI=|2X@=a) ) s
b |
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SETETUT9 Y@Ed [ @R [, % o w1 gAan g A s e wfi w2
FEL4+jHANQI-]T+k) . (1)

R F=2i +—k+nGi-5j+26) ..

T WHE (1) F (2) F r = +Ab IR =g, + pb,, ™ T FH WEH

o € A
a=i+j,bh=2i-j+k

ay =20 +j—k 3R b, =37 —5] +2F

-

gafee a, —a = k
R by xb,= (20 = j+k)x(3i-5]+2k)
ij ok
|2 -1 1| =3i-7-7k
3 -5 2
TH YR b, X byl = \J9 +1+49 = /59
THfere < T W@netl o S i =gHad gl
S| ixby) (e = a)| _13=0+71_ 10
b xby || V59 V59

sarevor 10 ffafea & T et [ @R
F=04+2]—4k+A(20+3]+6k)
3R r=30+3]-5k+p(27+3]+6k)% o= = g T i
T <A W wHER B (E?) B W © fem
a = i+2]-4k, a, =37 +3]-5k 3 b = 2{ +3]+6k
sfeTT Y@netl o i &t gl

ik

23 6

_|oxX@m=a) | | |2 1 a1

b 4

J4+9+36
C1-9i+14j-4k1_293 293 5

- 49 Jao o7
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[wwarerett 11.2)]

e fr e s, o A

137137 137137137 13° 13°
T R wAeferd
. <uisw fom fageti (1, - 1, 2), (3,4, — 2) ¥ B S drelt T faget (0, 3, 2) 31k
(3,5,6) " M drell W@ W A 2
. Tuise T fagat (4, 7, 8), (2, 3,4) ®@ g wH arelt 3@, fagstt (- 1,-2, 1),
(1,2,5)d S oreft 3@ o g9 2l
. T915 (1,2, 3) ® T aelt e 1 SR | it St wfew3 i 42 -2k
HHW 2
. fog foment fearfa ofewr 27— j+ 4k A A T AW [+2 ] —k &1 fon o 5=
et @ o1 Giegl 3R g ®6 § GHHOT [ RS
. SH W@ 1 HE GHEO A6 siee S fag (-2, 4, - 5) W S © SR

x+3 y—-4 z+438 F TR 2
3 5

. T Y w e g 0 _ YT 270 8 gy wfewr weter T
3 7 2

ifsra]

. TAfafed ez & &9 %1 S Fa Fife:

() r=2i-5]+k+AG3i+2j+6k) 3R

r=71—6k+u(i+2]+2k)
() r=37+]-2k+\(G—]j-2k) &R
r=2i-j-56k+u(3i-5]-4k)
. TAfafed ezt & &= %1 Fiv Fa S
x—2_y—1_z+33$Rx+2_y—4_z—5
2 5 -3 -1 8 4
Eﬁﬁx—S_y—Z_z—?ﬁ
1 4 1 8

@

G 5=%

d
2
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10.

11.

12.

13.

14.

15.

wn

Tfora

e l-x Ty—14 z-
p 1 I T HIC @R @ 3x= y2 =Z23
p

R 73_7x=y15=6_Z WER o4
p
ﬁaﬁqﬁi@rﬁxf:y—;z:% ﬁ%:%:%waﬁ%

W@l F= (P 42+ k) + M- J+K) R 7=27-j—k+pQi+j+2khF
EIERCI B G AU RIS

st x+1:y+1_Z+1 sk x—3:y—5:ZI7 %Eﬁﬁﬁ?{ﬁ‘?iﬁﬁﬁ

7 -6 1 1 )
FHifs)
Y, fores wfke wien Fefefed 8, % s R g gl 9 R
F=(+27+30) + M@ -3]+20) sin F=47+5]+6k+n (i +3]+k)
e, forert wfew gefieto frafafad €, o a9 #1 = 9 Hi;
F=(l—-1)i+(t-2)j+G-20k INF=+Di+Q2s—-1)j-Q2s+Dk

gy 11 ¥ fafaer gonaeit

. Fi@ﬁ&qwaﬁmEHW,WW—Wa,b,CGﬁTb—C,C—a,

a- bl

. x-318 o FHI q1 A-fog § S At @1 1 FHH0 F1d hifsal

2k 2 3k 1 -5
ql k1 |H 1A i

L@ F=6i42 j+2k+AG—-27+2k) R

F=—di-—k+n@i-2j-2k o= %1 =a9 g0 76 S

fig (1,2, -4 ¥ S° awef oK < i xg8:y_+lé9:z;1o s

~15 y=29 -5 .
x3 =y8 =Z_5 W o9 T H gk gHiew 9 S
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qrIST
ek @1 i faep-hrareT Y@ gr feemad 1 9 fen & @ s siof
1 IR Bl 2
W&Wi@aﬁﬁiﬁ—w l,m,n%ﬁp+m2+n2=l
2 fogell P (x, y,2,) 3R Q (x,, y,, z,) FI AR drcft @1 1 fKep-hiarE
xz_x1’)’2_)’1’Z2_Z1 ¥
PQ ° PQ ' PQ
ST PQ = 4/(x, — %)% + (3, — y)> + (2, — 2]
Teh @1 T fqep-auE 3 el & i Y@ &1 fip-hiemed o gHh
Bt &
g Tk @1 H K- HEEA [, m, n AR KF-3q0@ a, b, ¢ B A

a b c
Toromaettar Yamd sidier =1 o W@ S 7 @ G ® SR A € giewd
7g @] fafe=1 el § Bt 2
fawmacta 3@Teti o sier T U1 98 w10 € S T Tl fag (g g
fog &1) ¥ foumaeta d@mst § ¥ yoi® o Hia Sl T8 ] Hidesar st
o o= 2
g ll,ml,nl?:ﬁ'{ lz,mz,nzﬁﬁﬁ—aﬁWWﬁﬁi@ﬁéaﬁﬂweé
qd

cos O = Il [, +mm,+nn)l
& a, b, c 3R a, b, c, FGep-Todt Al qF TE@st ok = w1 B
9T aa
a a, +b b, +¢ c,
Jai + B+ @+ b+ S
e T forg forent feafa wfger G @ 9 o ot 8k |fewr p o Sl
1 GRET THET 7= G+ A b &

cos 0 =
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* 5 (x,y,2) ¥ S o Y@ o Kes-FE=T L m, n &, 1 FHHw
X=X _Y~-Nh_2-% 3
) m n

¢ < faget foror feorfa afewr g @R 5 @ O SH arelt Y@ o GHiw 1 |iee
THIRT 7= + A (b —d) T

¢ AR T Tt F=g +Ab SR F=d, +Ab,, & = H AR O T @
b, -b,

1B 11b, |

@ A et St = S = S e

1 ml nl

TR T h I s gamrme 3

l, m, n,
cos O = Illl2 +mm, + nlnzl.

¢ T fawmacta e o S # A 30 9% WEe © S S e W
ERS
* W@ F=a +Ab I F=a, +ub, F A I I

(b xby)-(dy = @)

IElxbzl 2l
o Ax@H I YN 1278 g X0 YTV _27h 5
a, b, ¢, a, b, ¢,
e =AaH g
X=X =N L%
a, bl (&
2l
a, b2 (&)

Jbie, =bye,) + (cay — 0, + (apby, — arh,)’

¢ JEAR @A F =g +Ab R F=g, +ubH A B G
b x (d, — &)

51 |

O/
— ... —

Reprint 2025-26



12082CH12

‘ Ifgeh YT Linear Programming ’

#* The mathematical experience of the student is incomplete if he never had
the opportunity to solve a problem invented by himself. — G POLYA +»

12.1 gfteRT (Introduction)

fuselt wene o en Mok il X o ufa faq &1 jesisod
TS § ek YA W fomr-famst = gen €1 when
XI® g 1 =R Uit ol aw smfaeae ok fasw
srafaesti o fehTal o eTerd fredu ¥ ga fHepeH o
fawa o siemma X gk ©) Mo H wE orggam A
AEfHeRTSH/EieRTon o e wiwferd ©1 3@ 31ea™ o &q
e srataemeti/adieot & fmE & 9= S T 5w
IRfeh Siad T FHES I g L H ITAN HT|
Teh TR AR T aegell S8 U iR i @
=rEErl FX 2| fEw & faw 3§ 9 Rs 50,000 SR
@ o foIu shee 60 TEqel o T T B U A W
Rs 2500 3R U &l W Rs 500 1 @@ Mt 81 a8 L. Kantorovich
STTHM Tl © foh Uk o1 &1 9=l 98 Rs 250 1R T i i s=H & Rs 75 1
A HH Gehdl &1 A AT 5 o qeft segeit i 5= Gehar @ el fom o7 wlwa
® T4 o8 ST edl € foh fohat ool we pfd bl @lie wifey difeh Sueied e
TR R IWHT Tkl a9 Afehad |
TH TR 1 gHEne S e YR ) gaeet § @ i sifeeharieior 3R
AT 1 FATHH GIeH HT FAE a1 STl 2, gequsnil gueand weerd €1 o:
AR T | Afeehan o9, =IAd AT 91 GOTEH w1 <[Aad SuE gimfer B
g TR THE T o dfh T Hewul YRR i SedHEN SHE € 3R
SWe Sfeafad searsil qoe ot % Wad T guen 21 SEn, a1,
yeie foram e o faega Geaar & sRo1 e JuHe Gaed srefus qewd 1 2l
T4 S o, B0 Fw aeh T GHed 3R S9! Serat fafy g eet e
1 AT BN T TH GHR Guesti w1 gt Feper o fou o= fafial o 2
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12.2 ek W THET 31 SHeRT TS u;ﬁw (Linear Programming

Problem and its Mathematical Formulation)

B 1o Torem formel STRie Sereeol o WY URY hid € S foh <1 = ikl el wwen
o TIUTH G STera TN Y& 1 ARRR ST 39 ISR H A S Yds
@ %
(i) AR SO U T Rl WA A HHAT A G o GASH e Y ekl B
qor AfdRed o a9 o fafu= aemras fafie 9 fafa= e s geRm)
(i) pw rfueh Teweyul feufqal a1 sreriul ®1 o THEy @ S8 SHen faw it
Rs 50,000 do Hifid € qe Uk UG 31fushad 60 a&qsti 1 W@ o fog wm
ITAH B
M ST foh o7 g el T&l @ligd shed Uell o @iied 1 e & ©,
T 98 50,000 < 2500, 3 20 T 1 @E Gl 21 39 feafa o g1 Gohe oy
Rs (250 x 20) =1 Rs 5000 =rm
M Sy foh o g o1 7 W< shael I €1 @I &1 594 Hidl 81 a9
€ AT IS Rs 50,000 T TR H 50,000 + 500, 317 100 FHTEaT € ©lg Feha
21 W o8 Sheiel 60 T bl & T@ Hehdl B 37 T8 60 A W WiieA & forg aneA
g 59 38 "ehal @9 Rs 60 x 75 3147q Rs 4500 & gFMI
Tt @I off ogd IR HraTd §)1 3eA ok ferT = 10 T SR 50 piEEt wdie
1 I Y Gkl B, i STk T 60 TG I T 1 TIH ST €1 39 feerfa
H IR Fha ¥ Rs (10 x 250 + 50 x 75), T4 Rs 6250 A<
31d: B9 FG L ¢ 1o BrR s fafte= ==e fafeai o g st o Uiy o
eI91 Y Fehal B IR fafa= faen dismetl &1 o fafa= o9 e gehm|
e GO 8 ¢ Toh 39 O U TR o SAfushan o Ui i oh fag fohd gehR
e T =1few? §9 U 1 I 3 oF fou gH wwen 1 e FERn S
YA AT A8

12.2.1 QHET &7 TOTETT qsﬁamr (Mathematical Formulation of the Problem)
o eAifeTT foh ASH 1w x 3R HiEE w1 e y ® R Wi e e B
Tqd: x 3R y HOR §, 37l
x>0 (R STR) ()
y=0 ..(2)
Fifer At 3R Fidal *1 Gem oA T2 e gt 2l
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AN (HFErE) W eAfehan ¥ TR (T8l T8 Rs 50,000 ©) 1 691 63 1
ey © 3R el o U shelel Sfushdd SRS (T FE 60 ©) H W o fau
o 1 W ey B

T 9§ e w8 W

2500x + 500y < 50,000 (FrewT =R )
B 5x+y <100 (3
AR x+y <60 (T SER) o @

AP 39 YR 9 a9 T =ed € STkt o Z (W) Siferhan = SR g
x 3R yoF Her o B9 § frefaiead YR 4 o9 A S Gehdl 2:

Z = 250x + 75y (32N oM FEAM ©)
Yo S 1 379 g w9 § qiafdd g S e
Z =250x + 75y 1 SATRAHIRIT FHITSY

S =ray frefatad ©
Sx+y<100

x+y<60
x>0, y>0

3GfeT B4 aeh Tel Z o1 SIehaHih(ol Sl © S e =4 arelt g
FEfteRal o &Y o fouiv feufadl & =reliy =9 fhe T 21 % o= gHed ot
& TS Waeh e o1 AaHeRTl TRl STl 8 Selfeh Seoiat =R aelt e srafimet
& &9 4 $w faviv frofaal & ey ogea ey S @1 uE guenet i Waw g
THE FEd T

3d: Teh (ash THITH S9E o 99E € S TR x 3R y S 9 o = % T
g Fem Z (S 5 2% Wor Fee §) 1 $eaH GEa/STIhaad e 6
(Afershe® a1 <FAqE AH) @ HE T Gafd 21 e 78 7 7R =R o g € @i
3 Mgk erafiemal o ageea aw el w Gqe Hd € e o8 9 aed § T
o o gt wfvrde ey as @ Sofn gume @ aegd @ 6 fasie dom an fae
foRan ASHT A

M S © ge B9 e o qal (FSeR EN S e g ) i S w9 9
uRenfid & et for v &n e qom qaenst § w3
IEIT el UEh BT Z = ax + by, 6k a, b IR T SR etfuehadienor
IR0 BT @ Ueh @k Segd el sheeld €l
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IR ST | Z = 250x + 75y Teh @k 32T e €1 =W x ARy furigen
R FHean &
=HaUY Th g G G0 o =0 W fEe srafisne 91 i 9 giaey
Y HEd ¢ Fae x>0, y > 0 SR ey Hedd 2| Sqle 3ee ¥ (1)
T (4) T EHHST B GY==T Y FeAl B

AN GEIE FHENE Ffy=d Rl & o1 smafbentet o aq==a gr fwifa awen
SR (T R W xR y ) W ek o wi Stfushad A1 <A HR, $edd gETd
TAE FEAr g1 Wadk G gaend uw fafire g #Y sedd gETd g ?)
YT FHE ORI g1 HSA qefl Hida 61 g § e Teh $Wan GEiTd Sre) qef
aw JEE w GHE H TH SSR

e g faeer S for u Wash 9o g9 i fFE R g fman st @)
T 31 W TH had oTeEr fafy § g Hafug ®h

12.2.2 IRaer T @@ & §T FAH F HTAGNT [ (Graphical Method

of Solving Linear Programming Problems)

Fel X1, ¥ g9 @@ g ? & g 9o @ =0 1 3R y o Gefed e s
el 1 om@ wiwd € qen emEa fafy g ge T e €1 o B STEe] 12.2
o oo 1 g5 ol iR el o faer %1 guen 1 Sooi@ w1 31d BH 39 GHE
%1 @ gRI B HU1| 379 BH e STEHRN o &Y Y0 Hefiel i 3N Wi

Sx +y <100 .. (1)
x+y<60 .. 2)
x20 .. 3
y20 . (@

39 9w/ &1 M@ (JEifRd &) o
SR (1) ¥ (4) T o6 g =
Teft efadi o syafs faget @ ffda €
9 &9 § yo® fog MR (SedrRt) &
TSt 3R pfdal o frewr & & fog g
foehed Td shidl €1 THfIT 78 & THeE
1 ETA &5 hedrd € (Mehfd 12.1)1 39
Qs[ F1 g@q; ﬁg O w 9l Y’ 5x +y =100 x+y=60

FHEAI 2| st 12.1
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a1d: &v = 1 Rt s @

FETE & Y9 G ok U U @ e 9Ee & RO SAe x, y > 0 9fed
Tft TR g e SEfTe & gETd &5 (A B &) Fedd 7 TR 12,1
&9 OABC (SMIlfehd) THEN o fau gamd & 81 gUa &= & sifafiea < &7 8 9
YT &5 HEd B
AT &1 AHg UG &3 o 31d: 9N 1 € oF 9t fog eyl oF guid B
HEA &1 Shfd 12.1 § AT &5 OABC & 3fd: WN qen & o @i fag wmen
o GO T Yei¥id Fed € 3SR & fau fag (10, 50) TR % TR GET v
2 3R s R 55 (0, 60), (20, 0) sEfE oft & B

FHTA T o Wel 1 B A {65 SHETD T HEendl § S @& oy feg
(25, 40) THE 1 GHTT TA 2|
TEAH /TR (GHTT ) T1: GHA &5 H &5 fog S Sex Fod &1 $2dq A1
(3tfershad =1 =[aH) 3, Tk a9 & el 2|

A9 BH @A © T GETd &5 OABC § Woish fag (1) ¥ (4) @ § wew et
eiEl W H € AR TH Id fag 1 qe T @ ® fR ' Sevd wen
Z=250x+75y o Afehad A dcl fog ! fhd TR T S 1 9™ i 39 feefa
%1 B H o Torq g9 1 wo= o1 SwEm sl S fo Wash g geemnst s wd
FH ° gor fagid (SMURsd) B1 3 94l H1 SUdfd 39 & o foaug-a%] 9 @ 2l

T 1 A R T s S S & fT R GO e (ST 989) § SR HM
& Z = ax + by 32T ®e | 9 Z H1 Tk TLAH I (3Tfushdq a1 =Aa9) @ el
S W Helfod = x 3R y e Sl gR ook 81 qe 98 gad 0 YEd &
% ®H (M) W srafed g9 =)

THE 2 A TR Uk Waed WA gHEn o fu R gET 8 ® 991 Z = ax + by 3299
%o €1 AfE R uRag &5 € a9 3E99 Her Z, R H ST atfeshad eIk =Jad | @l
%ﬁ?ﬁﬁ@WRﬁaﬁzﬁ'ﬂ (corner) ﬁg(‘%ﬂﬁ) . feeord BT 2

femuit afg R 1afeg € q9 S99 o o1 SAfeehad a1 =Jad A o1 sifeded @l off
& Tehal B fR oft afg =g formm ® df R 4 fog ® e =ife, (v8g 1
IEN)

ST ST H R (YET) & o i fag 0, A, B 3R C ® iR fogat o
fdenien @ KT WA 7 =41 (0, 0), (20, 0), (10, 50) 3R (0, 60) FHH: T fog &1 o1
T4 31 fogatl W, Z 1 9 A T 2
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de g9 JehX %:
TETT &7 % Ve | ZF §a 6
0 (0,0) 0
C (0,60) 4500
B (10,50) 6250 <— SAfehdH
A (20,0) 5000

70 e ww © fF oFemrt &1 few s (10, 50) etefq 10 B SR 50
il & @i o ifushan @9 grml

7@ fafy o = o< o1 g ®:
1. ek WA THE 1 GET & T RIS SR 3Heh HE fage (wid) w2
1 A1 Feo 9§ Steran q @stl o Yfdesg fog i 31 W@iell i FHiEwOl hl d

Feh 39 fag &1 @ wifsw

2. S WeM Z=ax + by &1 AF YA hiHE fag WA i) 7 R M SR
m, T 5 gl W etfeman qen =gad 7 YRR i 2

3. () 9 gET & uReg 8, M 3R m, Z o ifuehad iR =gAaH 9 2
(i) U ferfa & St gET &9 erufieg @ df v Frefafea fafa 6 s wa

4. (a) M Z T 3ffershad qH od ® 9% ax+ by >M FR U< 31e-ael 1 i
fog gETd & | T U e Z g Afushan A Tl 2

(b) TEH YR, m, H1 ZH FAd9 T od € IR ax + by < m TR I Gat
arefaer oIk gETa &5 o wiE fag swats T B1 e=en Z @ HE e
M 7 2l

TH 319 FD IR o g HiAE fafy ok sl w T w3

SETET0T 1 3TorE g e ash YU §He i gd it

=1 et o Sfara
x+y <50 (D)

*  FETT &9 H w63 &9 w1 & wE fag @ @ S @ e # wfaewed fag @

o T Pah THEW TR F GETT &7 ufeg Fel Sl @ Ak I8 Th 94 ok fdid uRes
fopan ST Hehal B e 3U SuREg whed €1 iies 9 dicd B o gHwa e fedt off fewn o
it &9 @ SE S Hehal 2
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3x+y <90 .. (2)
x20,y=20 .. 3)
Z=4x+ 7yl SAfRaY M A il

T SR 12.2 H BEifhRd &5 (1) § (3) o Hedl o fepm o g feiifia gem

&5 21 g9 e d € T gETa &% OABC Uas €1 THiT 89 Z 1 Sifeehad 1M
T & o fau e fag fafy &1 3w w3

s foig 7 |a AW
(0,0 0
(30,0) 120 ¢ | etfeshan
(20, 30) 110
(0,50) 50
3TTeRTd 12. 2

i faget 0, A, B 3R C & e %8st (0, 0), (30, 0), (20, 30) 3R (0, 50) B
A Y A f9g WZ 1 9 F6 HW 2
aa: fag (30, 0) W Z &1 tfesham 7 120 2

IEECOT 2 o fafy g fre Wes diums wwen s gd sl
=1 el & Adia

x+2y =10 . (D)
3x+4y <24 .. (2)
x>20,y=20 .. 3)

Z =200 x + 500 y &1 =[Taq 0 T1d HifSQ

Tl SR 12.3 H SR &3, (1) ¥ (3) o Faul o far gr fuifa gem
&5 ABC® I uiteig B1 it fageni A, B 3iR C o Feuness %8s (0, 5), (4, 3) 3R
(0, 6) &1 &1 31 fogati W Z = 200x + 500y 1 AHE A HLd &
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1 @i fig

7 % Gd 9H
(0,5) 2500
4,3) 2300 <
(0,6) 3000

x+2y =10

Y’ 3+ dy=24
TR 12.3
aa: fog (4, 3) W Z %1 =<aH A Rs 2300 W< @il 21

SarEoT 3 o fafy 9 f1= wuEn i g Sife:
= el o efaria

x +3y <60
x+y=>10
x<y
x20,y=20

Z =3x+9y & ZAq9 I Afershdd AE T Hifew)

(D)
o (2)
(3
. (@)

o 9 Ued B9 (1) ¥ (4) dF i faw @bt & Fam & gamd & a6
e wied ¥ GHTA &5 ABCD &1 3iepfa 12.4 ¥ fewrmn wn 21 &% ufteg 21 i

e fog | Z% G e
Y Z =3x + 9y
A (0, 10) 90
B (5,5) 60 <—|=T™
C (15, 15) 180}e rferenad
D (0, 20) 180 (98 T &)

x+3y=60

STTeRTd 12.4
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o dumE 411

fagati A, B, C 3R Dok feeries s (0, 10), (5, 5), (15, 15) 3R (0, 20) €1 276 89 Z
o JAaH 3R Afwan I I F & fau wEE fag fafa w1 swEm ww@ @)

Rt @ B9 gETd & fog B (5, 5) W ZH FAdH 9 60 I i &

Z 1 Afeshad o1 U &5 o 3 i fage ge&w C (15, 15) 3R D (0, 20) R
120 9T=t Brl 21

feoguit fdteo SIfST o Swier SSeor §, ren @ fogeil C 3R D, W 9HH g
& Wl €, e ST forg ol eifershad A 180 S R €1 U feerfeEt | < e
fageti &1 fie™ oot W@rEs CD W 9 g qen C @Ik D ot weh & siferhad oM <o
g T8 3w fufd § off ¥ T Ak I fig 98 =Haw 99 s i g

IEE0T 4 STerEd fafy g/ Se%a ®ed Z = —50x + 20y &1 =Aaq AF Fefafed
el o STAd A1 ShiteTa:

2x—-y=>-95 .. (1)
3x+y=>3 .. (2)
2x -3y <12 ... 3)
x=20,y2>0 . (4

ol a9 U8 B9 (1) W (4) T oh STHIH (e 5R1 GETG &5 1 7o Wied
Bl TRl 12.5 ° U@ & (BEfRa) feaman mn 21 e wifse e gEma e
g 2

319 W &AM fogell W Z 1 71 off Fa S

Y .
@ &g | Z = - 50x + 20y
(0, 5) 100
(0, 3) 60
(6, 0) -300 €< |999 %1
N
Y ,'x7 8910 X
Y (6,0)
3x+y=3 3TTeRT 12. 5
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TH WRUT W B9 A1 i € TR i f6g (6, 0) W Z W Wa® wH 1 -300 @1
F B9 e Fohd € foh Z 1 <8 M -300 87 ©AF G fF 9k & afeg g
Al € Z 1 o T WE (THF 2 W) Bl i eH 98 @ ¢ b GET & s
21 3T ~300, Z 1 <AqH O & Ff Tehar 7 IR 7 ot 39 guen 6 frskd T
FH ok forg en frefafaa s &1 e g €:

— 50x + 20y < — 300
37eIiq —5x+2y<-30
3R Site ST for eTei@ gR1 o gt eiefaet o gETd & o Swafss fag # @ @
21 afx sod Swaftss fag €, @9 Z %1 =ad 5F -300 7 @ ST, Z 1
A -300 BRI

St o emeRfa 12.5 & fe@mn 1 g9ierT, Z =50 x + 20 y, 1 Y& He ok
e § =Jaq 7 T2 2

SIS SR H o MG S L Wehd 8§ T Z =-50x+20y, (0,5) W
FAfereRa™ | 100 T@d 87 6ok g, Sie HIfST fah 21 — 50 x + 20 y > 100 1 3@
FHTA &5 % WY WA fog T 2l

sarEur 5 frefafad SEudl o dA@d, Z = 3x + 2y T FATHRT HiTST:

xX+y=8 .. (1)
3x+5y<15 .. 2)
x=20,y20 .. 3)

Tl TRt (1) 9 (3) &1 Aei@ Tifau (Tepfd 12.6) 1 F1 HIE G & 872
Tz T i B2

el 12.6 © M9 A T Wehdl ©
fo Tan e fog 7€ & < gl SR
T Y G HL Goh| T, THSA H
gHT B TE 2
femuit 33 | e fae=m &0 e
% F ok ¢ Gk SUR W 9§
Faen G wEEEt i wee faedst
1 IeeiE Hd B

(1) HETd &5 Td 3Tt gyl el 2|
(2) 3BT WA w1 AfuEmAH (A
=AqH) A U &3 o 3 W
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fow g 413

(% W) feord glar 21 A% SE9F WM &« wiAE fag () ww @
Afeshdd (A FATH) TH USH F & @ oA foged o foaw 9l e &
Y fog off ¥ue eifushad (a1 =Haw) #F ]I

| wommarett 12.1]

e fafy & fre e gomee weensti & ed it

1. =1 3/eRiel o SFad Z = 3x + 4y 1 STURAHIRIT HifeT:
x+y<4,x 2 0,y=20

2. T ool o @A Z = — 3x + 4 y 1 FATHIHLUT FHIfSC:
x+2y<83x+2y<12, x 2 0,y=20

3. T ot o SIad Z = Sx + 3y 1 AfIHhaHieho Hifaa:
3x+5y £15,5x+2y<10,x 20,y>0

4. T el o @A Z = 3x + Sy 1 FATHRT FHIT;
x+3y23,x+y=22,x,y=20

5. 991 310l & i@ Z = 3x + 2y ST IATHIR] HIfIT:
x+2y<10,3x+y<15,x,y>0

6. T sEQl o AT Z = x + 2y 1 =IAHIRL HifST:
2x+y23,x+2y26,x,y20

fe@rse fF 72 %1 =aq 9= < fagent @ eifuess fage w wfeq e 21

7. T sERidl o AT Z = Sx + 10 y 1 IAHRLIT T SATTRaHIRIT FHITST :
x+2y <120, x+y=260,x-2y>20,x,y=>0

8. T ool & ST Z = x + 2y FT =IATHIHIUT qAT SAUHAHRLT HISIT:
x+2y2>2100,2x-y<0,2x+y<200;x,y=0

9. 1= TauHl o {dd Z = — x + 2y 1 SThAHIRIT HiferT:
X223, x+y=25x+2y>26,y>0

10. 91 ool o SIAd Z = x + y 1 ATTHAHIHI0 HIfT;:

x—y<-1,x+y< 0, x,y 20

ofdeTraess fewoit
fgda fava g5 #, @ g Fawed o deq a9, a9 fe wgst &t
MqH = R Afuswad 1 wgd, ek o fafy sifae | o)
Faw WA ok & § W WA 1 gAY Sl A L Kantoro Vich df
sTfeRT eFefemet FL.Hitch Cock 7 1941 ® fohu) <1 7 @ad &9 9 &% fohan
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9 WA 1 IREEA-GHEN oh AW 9 S TN WA 1945 H SN STeiRme
G.Stigler = Yfaeh THTH THE, o SFiaia g SRR Heelt Toean s oui fohan
91 1947 H G.B. Dantzig 7 T <&l qui fafyr s fouersy fafy s 79 9 fes
2, 1 gea feo it ass e weene s i g o e S 1w
fafer 21

e duma fafy ) yRfaew wE SwE o RO & 1975 § LKatorovich 3R
STHRERT TfoTaa ARt T.C. Koopmans i 37¢f & | Aeiel TR T&H fohalm
T IReheT a1 STEvash WideaaX oh STNTHA oh §1Y s &A1 ol Sifed qHEsT
o s g gfafy o SyEn § SR gis 8 @ R

O/
— ... —
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(UTfaeRaT Probability)

* The Theory of probabilities is simply the science of logic
quantitatively treated — C.S. PEIRCE %

13.1 95T (Introduction)

TEe 1 Henel B gHA Wifaehal i ol agfess alremon

1 TS oF "fed 8F &1 AMY=dal 1 7Y o €9 § g

ol BHH B MUY T, SiedmE (1903-1987) N

wfmifea sifimfedia sfeenion s suant faman on SR wfewran

1 T o gRomH R qRIfta weW o €9 | e

forn oM T wEEOer ol St S W OWiftaehdr ok

srfvfedta gfteshion iR Fenferal fagid (classical theory)

o THherdr off Tenfud w1 oft| $9 THRLTl o YR W e

3T eyl TAME T SeAISH ST Wiahal I &1 ot g

iferekar o A R w1 ot stemee fwan 1 | e | Pierre de Fermat

7 forelt =121 i [ufas WIfehdl (conditional probability) (1601-1665)

o R § TR 31, Safdh fohdlt o7 =e o =fed 8H i Yo AR 99 1, 7901 36
qﬁ{ﬁmmaﬁmﬁﬁa—uﬁa (Bayes' theorem), UTfehdl =1 UM 72 qen
Wwﬁa?aﬁﬁﬂﬂéﬁl@Wﬂ'{(randomvariable)ﬁ?%ﬁmﬁwaﬁ
% HEEUl TAYURON 1 o G q el Wiehdl S o AIeA (mean) 9 TER0T o
AN H ol TeU| eI o AW IR H BH Tk Hewequl THad Wiidehdl s (discrete
probability distribution) & =R H U&7 f5& fgug «e= el w1 81 79 1A o g9 ™
weror S fSer aRom geHared B €, S a% TR er=Ien 9 el T el

13.2 Qufaser urfaerdr (Conditional Probability)

1eft % T foRdlt S ShT Wfaehal 0 W == a6 71 AfE g Rt wfasyl wafe
I T S < E e, af 9 fRdl U S & "fed € wt g Sl g O el
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1 WIfehal T ISdl 82 ST 36 U3 o ST o oY Ueh Argieses wieqo) W faem &t
foreen aftomm gaEae €
3R 379 I =ARA (fair) A 1 IS o Wew R fgar Fifew) 39 gdemn
%1 giqee! Tl €
S = (HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

WWW%,WHWW%WWﬁgﬁW%%

X Gehd &1 T AT B S =g 9 fed wehe 1" SR F SRl ‘el faeeh W
w2 wefela em” 1 fefud & 2

GE| E = {HHH, HHT, HTH, THH}
3R F = {THH, THT, TTH, TTT}
ESIGY P(E) =P ((HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
1111 :
5T eTE T Y
3R P(F) = P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
_L1 1 1NN
8 8 8 8 2
g g E N F = {THH}

gafl@  P(E N F)=P({THH}) = %

31 U oifee e 5o o ® fF vedl fagsh W e Yahe el § s1efiq S
wfed g8 ©, 99 5 E 1 Wifashd o1 22 F o sfed 89 &1 9= R I8 ffveq @ fw
E & Wifgehdl T 3 o faw 39 ufideel fagei w faam 7=t e stom 59 wsa
fageh W e & 1 T E ok fou 38 ge § wfdaeyl gfe S 9 HeRl S9! Su9ed
F o1 T 21 31 vissl |, 39 eifdfiem ge A g6 arkdd o 98 9aqren € & g a6
Teh UH U A5fo5eh TU&0 o €9 § FHeM =M o yidaeel Fafte shae 39 aRom
%1 ggeaa € S fF e F & 3T 2

3 F o o8 Wiaeel fog < E & o sepel 8; THH R om:
F ! fqeet gufte AMd g e E &t Wifohdl =

I

- FWE&H@H&WW@%WE@W:%
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T E &1 39 WIfehdl o) Sufdes Wiiked #ed &, Safk 91 © {6 = F sfed
21 i €, 3 8 P (BIF) g1 <¥1id 21

a%ﬁP(EIF):%

e FIST fF F o o of9ga St 921 E o off 379hel &, E 991 F & 918 37a9a
e €, S E N F o wfaeel fag 2

3d: N A E 1 "ufaae Fifehdl, Sieifeh 91 € b &2 F ofed € gt € i
1 ¥hR @ A H TR 2

_ (ENF) = siqegel wfagel faiga <1 e
P(EIF) = F ok 3TIehel Ufaeel fagati 1 weAt
n(ENF)
n(F)

319 379 9 T HI Ufasyl gAfe o staual i g den § famfaa W 7w @
& T P (BIF) & f71 wR 9 feran =1 wehan 2:

n(ENnF)
. nS _PENPF
P(EIF) = () =T . (D)
n(S)

e wifSe fm (1) aft 971 @ S P(F) # 0 StAfq F = ¢ (F1?)

3d: BH FYfaaY Wifdehar 1 F= ghR 9§ IR 1 g e

uftarer 1 A€ Bden F e agfess e o wfieyl gafte 9 gefua < w2 €,
al Fok ufed g9 &1 o W, E 1 Wifgehar fefafes 93 9 o eidt 2t

P(ENF)
P(F)

P(EIF) = , St&fh P(F) #0

13.2.1 ®Ufaaesr qifierar & T (Properties of conditional probability)
7H o f& Eqen Ffwd gfaeel gufie s &t @ et &
TUT 1 P (SIF) =P (FIF) =1

PSNF) _PE _,

& 3. @ T P(SIF) = b B PO
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P(FNF) P(F)

P(FIF) = = =1
e O="5® @
o P(SIF) = P(FIF) = 1

0T 2 AR A 3R B Ufaeel wafie S w1 HE I TN € 3R F T T T W THR
2 f% P(F) 20,79
P[(A U B)IF)] =P(AIF) + P(BIF) — P[(A N B)IF]
fagiy ®9 9, afg A IR B oW ergest s e,
P[(AUB)IF)] = P(AIF) + P(BIF)
70 9 € &%
P[(AUB)NF]

P[(AUB)IF)] = )

_ P[(AnF) U (BNF)]
- P(F)

(=4l o HafTs W |ited o deq = gr)
_ P(ANR)+P(BNF)-P(ANB NF)

P(F)
~ P(AmF)+P(BmF) P[(ANB) N F]
" PP P(F) P(F)

= P(AIF) + P(BIF) - P(ANBIF)
& A 91 B TRER 7qaSt @l al
Pl(A N B)IF)] =0
= P[(A U B)IF)] = P(AIF) + P(BIF)
3d: S A 9T B WER Udst S g df P(A U B) = P(AIF) + P(BIF)
TUT 3 P (E'IF) = 1 - P(EIF)
T 1 W EH A e P(SIF) = 1

= P(EUE)F)] =1 Fifs S=EUE
= PEF) +P(EIF) =1  Fifk EdN E WER I A &
3 P (E'F)=1-P (EIF)

3BT 319 H/B IR
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4

IEI0T 1 9% P(A):%,P(B):% AP (ANB)= 13,?ﬁ P (AIB) 10 SifS)
4
: _P(ANB)_13_4
gawmﬁ%%Pwm_Pm)_g 5
13

SETET0T 2 U IO H & =4 B A€ 9% 9 € fF o § 9 kW 9 %W Th =
AH B, d BF o=l oh ASHT B Bl T AR B2
T UH IS b eTgeh 1 o g ASH! hI TREMUd I &1 THEI0T 1 yfaeyl gHie 2

S={(b,b), (g.b), (b.g), (g8}
0 ST E e F oh991: fefafad seast & gofd 2

E:‘Qﬁfaﬁ@%’
F:'o<ai § § %9 4 %9 UF ASH ¢’

GEl E = {(bb)} 3 F = {(bb), (g.b), (b,2))
7 EnF={(bb)}
3 A
3T P(F)zzaﬁ'{P(EmF)=4
1
_PENH _4 1
zaferT P(EIF)——P ® 3 3
4

SETET0T 3 Uh 99 W 9 HE 1 W 10 T YUk for@ v @ U SR 3% TSl e
et T 38 9 @ U FIE Ag=s Al Hewten T AfE I 7 2 b e TuwE
W HE 3 9 A ¢, O 59 G o G B i 1 Yiehdl 872

T T oy o A ST Rl T e W HH HE ' 3R B we ‘ ehTel T e
W HEeN 3 4 981 8 &l el w3 21 gH P(AIB) 91 U B

79 qheror 1 faeel i #:S={1,2,3,4,5,6,7,8,9, 10}

LiE| A=1{2,4,6,8,10}, B={4,5,6,7,8,9, 10}

3R ANB={4,6,8,10}
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S P(A) = 15 P(B)-Eaﬁwmm;,)_E

4
LiE| P(AIB) = —p == 5

4
P(ANB) 10
7

10
SETETOT 4 Tk Tresmell | 1000 foaneff &, fos 9 430 wefwai ©1 98 7@ © % 430
o W 10% Aefral wen XIIH Yedt &1 o1 Wifehdr € foh ek argssan g1 e feeneft
el XIIH qgdl © 4% 98 = 2 T g1 e famnef dewt @2
& AF ST B 512 argesan <A1 e fornedt smen XI1H ugdr &' SR F e ‘agssa
<1 T faeneft eigent ©°, i =¥ id €1 eH P (EIF) 9 T 2
430 43

I P(F) = —— =043 3R P(ENF) =——=0.043 (F?)
1000 1000
P(ENF) 0.043
ad P(EIF) = = =0.1
(EIF) P(F) 043

IETET0T 5 Toh 99 ! dF aR SV & GHe0 | ¥ A 9o B & 4 9eR 9
gftsqrfirg feram o 2

A 'IE B W e 4 Yehe g

B : 'Ugcl IV W A 6 3R E IV W GE&AT 5 Yhe AT

Ifg B w1 =fed g1 o T 2, df se A 5 Wiftshdr @ shifery)

o wiaesl wmfe o 216 wRom &)

a1, B = {(6,5,1), (6,5.2), (6,5.3),(6,5.4), (6,5.,5), (6,5.6)}
(1,14) (1,2,4)..(1,6,4) (2,1,4) (2,2,4) ... (2,6,4)

A= {3,14) (3.24)..(3,6,4) (4,1,4) (4,2,4) ... (4,6,4)

(5,1,4) (5.2,4)...(5,6,4) (6,1,4) (6,2,4) ... (6,6,4)

3R ANB={(654)
6 1
CE| P(B)=2—163ﬁ'{P(AmB)=2—16
R
e paB) = TA0B)_216 1

PB) 6 6
216
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SETETUT 6 Teh I i ] 9R IBTEl 741 3R Wehe g2 WEAetl &1 41T 6 9rn T HeA
4 o AqH Th 9N Yehe B 1 Hofdael WfFshdl A Hifs

&1 M ST E e ‘U@ 4 1 a9 Tk SR Yhe g1 3R F e (S urEl
Tehe TS T AR 6 B’ HT <@ F)

E] E = {(4.1),(4.2), (4.3), (4.4), (4.5), (4,6), (14), 2.4), 34), (5:4),(6.4)}
R F={(15),(24),(3.,3),(42),5,D}

waﬂﬁ%ﬁFP(E)—— P(F)—%

e ENF={(24),(4.2)}

7 PENF) =

31 aifed Frfehdl

2
PENF) 36
P(EIF) = (P([:) )=356=

4
55

36

Af qeh T 3 TN W T T € foren weft wRtomm wuEere € g wderon
o fou v+ wufqey wifderdr &1 gt ferean ®1 qenfu wufass wifddr &1 =@l
oRtwro, sAqe w9 9, 39 fufa 7 ot gE 1 S Gehdt ©, S Hifolsh st e
T 8| wifEsh@et P(E N F) @2 P (F) &1 URehe aeq@r feha s 2
3T FefafEad 3T 9 39 |96 |
IETE0T 7 T foaeh i 38T o Tder R fa=ar wifaw) afs fages w fodq yee
@ fqeer &l I4: 3810 W Al fgeh T 9 Yohe & @ Toh I & ok | A T oA
Y %Y UH T2 Yohe BMT I Hied g1 T w0 € Al (H,H)

T ‘U W 4 9 FE G Yhe BT 1 gufae ﬁlﬁ(H)
EIRESIRIGEETISIY (H,T)
T qh&e o gRom 1 fed 13.1 9 e fRa S gg
ehdl T1 39 UHR & foA A gem@ wed € = (T) (T3)
e 1 e i il
S = {(HH), (HT), (L), (T.2), (T.3), (T4, (T5), (T.6)}  srepfa1za T

Reprint 2025-26



422 TTfoTd

el (H,H) =wifan £ fo 2t somel W fod gee gan ¢, aen
(T, /) =¥1ien & fF weeht Sot@ W o2 w&e gon s, o () g
I et T T | e el
ad: 8 /et weed (H,H), (H,T), (T,1), (T.2), \
111 1

(T.3) (T.4), (T.5), (T,6) T HHI: 11021 = (T)
1111

E,E,E,Euﬁwﬁﬁﬁﬁﬁwm%ﬁmﬁﬁ

=1 13.2 9 =< 2l TRt 132

A & F e “=JAdH Toh T he BF1 3R E el
‘U8 W 4 9 € & Yehe B’ i <9I 2

Gl F={(HT),(T,1),(T.2), (T.3),(T4), (T.5), (T.6)}
E = {(T,5), T,6)} 31 ENF={(T.5), (T,6)}
& P(F) =PH{HD} + PA(TDH + PAT2)}) + P {(T3)}) +

P({(TH}) + PH(TH}) + PH(T.6)})
11 1 1 1 1 1 3
= —F—t—t+t—+—+—+—==
4 12 12 12 12 12 12 4

i P(EﬁF)=P({(T,S)})+P({(T,6)})=li+1i=%
1
4
[wromareht 13.1 ]

1. af€ E 3T F 38 YN &1 =] 2 f& P (E) = 0.6, P (F) = 0.3 3iiX
P(ENTF)=02, @ P (EIF) 3R P (FIE) J1d i)

2. P(AIB) T &IfST, afk P(B) = 0.5 3R P (A N B) = 0.32
3. FRP(A)=0.8, P(B)=0.53 P (BIA) = 0.4 T1d HIfT
(i) P(A N B) (i) P(AIB) (i) P(A U B)

4. P(A U B) 9@ ®IfvT g 2P(A)=P(B)=% AR P(AIB):%
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wifeRar 423

g P(A) = %,P(B): % Eﬂﬁ'{P(AuB)=% T 1 Hifew
(i) P(ANB) (i) P(AIB) (i) P(BIA)

fr=fafed 991 6 ¥ 9 % P(EIF) 9@ sifsul

6.

10.

11.

12.

13.

e Toeeh i dF 9N S T e
() E: e 39 R foq F: 9eell H S | fud
(i) E:=g7aq < foa F : etferehan T foa
(iii) E : 3tfrshay 1 1 F: =faH 3 T
T foeepl i Tk IR IT T B:
(i) E: U foeeh W 92 Yehe Bl € F : T Toeeh W faq wehe @il @
(i) E: ®IE 92 Yehe &l el @ Fhis faq wehe -l eran @
T U I AN o) ISl TR
E: T90 S8 W T 4 Yhe B
F : Ugcll ] 3Bl W FHHIA: 6 T 5 Yhe g
e uiiEtess o o ama, fuar o O agesw we e
E: 9 0% il @ @l F: foa 7o § @2 @
T 1ol 3 T @ 9 ) SISt T R

(a) ITE T YT H&AS HT AR 9 TH hi FUfaee WiHehdl Hq ST A T8
A 2 % He T WS Yhe g3

(b) HE W YT H&A HT AT 8 TH hi FUfaeel WiHehdl Hq HifeC A T8
T4 8 fF o 99 W Yee ' 4 9 % B

Teh 1% U w1 SSTel T 21 SENet E={1,3,5), F={2,3},3RG={2,3.4,5}
@Wﬁﬂﬁf@ﬁﬂﬁaﬂm:

(i) P (EIF) 3R P (FIE) (i) P (EIG) 3R P (GIE)

(i) P (E U FIG) 3R P (E N FIG)
M o foh 59 o o1l T8 o1 SIS o1 ST BIFT THE9E B afg fordt ufer
o < oedl €, @ S ool oh Sl B Wi Wufae Wikl == B, 9fg 78 e
T ® TR () IS SIS Al (i) <AAH Uk oeell gl 2l
T Ve oF U1 300 /3T YR oF ST U9 200 I/3T9 YR oh
Hfa 99, 500 Tg-fashedia TR o STEM F99 3K 400 Tg-Tahedld YR o
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Hfad g 1 qUg B AR U9 o GUe ¥ U U A Al A Al €, A
3T Y9 &1 ag-Taehcdid B i ekl &= 8?7

14. 7€ f&on 0 € fr 1 urEl i %hehd W W et fam-fae €1 <Al geme
AN 4 M I WIfFehdl F1d HifQ

15. T& 99 I B oh T | fa=ar SN aft 99 | Jhe 9@ 3 &1 o
2 @ U I Hoh 3R AR HIE T HEA Yhe @ dl U [Heeh Wi 39T |
AT “FAAH T U W GEA 3 Yehe e e e €t we {faeeh W ue uehe
' 1 ufase Wifgehdr T it

frefafad e § 9 g% § wE 3 |

16. 9 P(A) = %,P(B):O?ﬁ[ P (AIB) ®:

(A) 0 (B) % (C) uftenfya ==&t (D) 1

17. 4f€ A3 B3 w2910 39 YR ¢ f P (AIB) =P (BIA) 0 da
(A) ACB (B) A=B (C) AnB=0
(D) P (A)=P(B)

13.3 grfrehar <Al o /=1 (Multiplication Theorem on Probability)

aF ofifSw 6 E don F us wfagel @ufic S &1 < weAnd §1 wreddn g
ENF S sesti E qenF o sfed g i <idl 21 37 91l § ENF sIeeil Eqen
F o I9q wfed g i 91 21 %A1 E N F ! EF ff fen s 21
;B TRt 1 EF 1 Wikl ST o w1 SAeeehal gldl 81 SSE0 o forg,
T o 9% IO I e o e § g9 fag se ‘T aeene ok Tk T R
WfoIehdl T1d S | Togeh 8 Tehd &1 AT EF o1 Wfaehdl Ad i o foq en aufas
Wl 1 ST Fd 7 S T A fe@ren w2
B WA € o e Foh Ru &M W sed E &1 @ufdse Wifeehar i
P(EIF) N <31id & IR 38 frefofead 9R 9§ o o 2
P(E NF)
P(F)
SWie 9o 9 &9 faw gwd ® fw
P(ENF) =P (F).P (EF) (D)

P(EIF) = ,PE)#0
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T U8 W) SMd § foR

P(FIE) = %,P(E)ﬂ
el P(FIE):% (FifF ENF=FUE)
3 P(E N F) = P(E) . P(FIE) " (2)

(1) @R (2) i foer @ & 9 e € T
P(E N F) = P(E) P(FIE) = P(F). P(EIF) 5i@ & P(E) # 0 3R P(F) # 0
SWie IR i WifFsRar 1 U FEE’ wEd 1 ST USSR o

SETET0T 8 Uk Heml H 10 Fefl 31X 5 G s €1 J 1% Tk o =18 Tk Fehrel st
& 3R weell 1T SR o Fher o ved avd T W@ S &1 6 ety o e |
Y Y&k g 1 TehTer THE9eT 8, al 1 et g ferer 1 a1 Wifeehar €2

&1 /M T B ‘ugell el 7% o feher’ &1 Siel € @R F 8 shielt 11 o e
1 T 21 89 P(EAF) 91 P (EF) 9@ ¢ 21

3 P(E) = P (Tgett fHhtet § whrelt 75 F‘I%I@“il):%

a1 € o T ® R veelt Fentet | et i frekelt @ steiq we B ufed g €,
S FHerw H 9 Hiel 7% IR 5 TS g T T §| T, TH A Fred e w1 Wi
e foF geelt % 1 RIel €M1 B A1 €, B9 IR €l hddl F 1 qufaes qifashdr €

59 E 1 "fed 8H1 919 2

3T P(FIE) = %

e WIfaehal o UM 9 g W W g @
P(ENF) = P(E) P(FIE) = P(E) . P(FIE) . P(GIEF)

3 & 31k TN o foTq GTfiehar sr I 7| At E, F 31 G T yfasel gufie
&1 T € qf

P(ENFNG) = P(E) P(FIE) P(GIENF) = P(E) P(FIE) P(GIEF)
T YhR Wifehal ok UM 7o o1 foar =R = sifies weet o fora off fan s wehar
2| frfafad seewn o el o fog wiftessar o o w1 g Ted e 8
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TETETUT 9 52 TNl R TS qXE Wl E S H W UH ok 9% Teh A qat forr wferenfud
fohe fehtet MU eSS TN T SIEETE SR AR BT T9RT B T A Wikl €2

T OH o foh K 512 * ehTen T o1 SEwe @' Wi ST A S TehTen T e SeRnt
2 F I W ol Wedd 89 P (KKA) I F¢1 2

4
3 P(K) = 5

e € P(KIK) 98 91 8 W for ‘Tl T T W Seee € W g u
HIEYTE B 1 Wehal i T €1 376 el ¥ (52 — 1) =51 7 ¢ fomm < areeme @
Bl P(K|K)=%

Fad: P(AIKK) d& feptel T I o1 goehT B o1 Hufqed Tifeehdl @ St o gd
T ® for < aIRemE U & el ST g €)1 o1 TEEl W 50 U @ Y @

zafere P(AIKK) = P(AIKK)=%

Wil o A e gR e W g € fw
P(KKA) = P(K) P(KIK) P(AIKK)
4 3 4 2
= —X—X—=——
52 51 50 5525
13.4 T@aa 92U (Independent Events)
52 Tl 1 et § W T ww FeRTer & wdier W faer wife faed ydw difas
T i THEHA AT T4 €| 4f€ E den Fshewn: et ‘fenten e ww fael o
2" SR ThTeT T U U SR B i ¥ d ©, dl

13 1 4 1
= —=— g P(F)=—=—
PE =573 B=5"1
Y € 'E 3R B’ s ferten T uw faEl 1 Seehl @ %1 oFe Sl €, S
1
PENF)= —
(ENF) 5

1

P(E NnF) 5 1

Ad: P(EIF) = PO :T:Z
13

aaﬂ‘ﬁsP(E):i:P(EIF),W%W%ﬁFWF#H&H@%ﬁWﬂfW
E % Wifdsdl T 1S gwE T8 <ol 2
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& 78 off W € T
1
PENP) 55 1
P(FIE) = TPE 1 13 P(F)
4

ﬁ:P(F):%:P(FIE)W%ﬁsmEé}Eaﬁa%ﬁaﬁWﬂfaﬂ F &1
Ifehdl W IS GHE & STel 2l

37d: E d1 F 39 YR &1 A @ & el weh w1 o wifed gF sl g sad =12
1 TR T hE YA T8l S 2l

TH YHR i SR F  TqT G20 Fed g

Tftrar 2 & e E 99 F & o ueA %ed © Al
P(FI E) = P(F) Si@t P(E) #0
P(E| F) = P(E) S@&! P(F) #0

1d: 3 R9 H P(E) 3R P(F) &1 YRR &1 69T &l

318 UIfgehal o UM 9 9

P(E N F) = P(E) . P(FIE) (D
If¢ E 3R Feeds o) & df (1) ¥ ed 9 el €

P(E N F) = P(E). P(F) " (2)

31d: (2) o ITAM ¥ Y A TR Ft TaFdl o fFEfafed we @ o aikeafia
Y TWhd B
ftarer 3 AE of E 3R F et agfess qdermn o gfaeel gafic 1 31 s @,
E @R F %o 5eA1d 8l ¢ 4rg
P(E N F) =P(E) P(F)
feauit

1. @ et EqenF ol Qi3 (dependent) &d €, 9% o wds 7 e sreifq af
P(ENF)=P(E) . PF)

2. HM-FW AT TS AR WER e HeAS o dr9 99 Ul 8 S 2
‘T TS Y aRAT SIS S UifeRdl’ o w9 H 1 TE © S« fop S IeR
Ul TS 1 IR ‘SRR’ o ®9 W & TE | THeh AR, WER
qerstt et ® wig oft aftorm o ey T e "enar © R s see |
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uftom el off 8 TR §, afE gee we SAfed 71 ToRda fTeds g SR
‘R aTaest et garef 7@
TR v |, A < U T s el € SRt gfienar YRR 7, 6l o9 TWER
et T &1 Teohell €1 foraie: afE < YR Wiehar arelt TWER sTqest semd
Tedl €, dl g€ T@as @l 8 Hehdl B
3. 3 I e W Fednd €, A Idw S I E $IR F o fau, =i E
e TV § g F g Tew ¥ Hefed €, sesti E e F o T 919 "feq
B T WiTehar, ST <A wiero) Ho=T oy S, wifsshar P(E) 3R P(F) o 7o
o aUeR Bl 7, FoeRT IR S Therol o STHR W STer-3ter fRan S
21 FUfq P(ENF) = P(E) . P(F)
4. @ wTS A, B 3R C i s H8 Sl ¢ 4 AR shed A1
P(ANB) = P(A) P(B)
P(ANC) = P(A) P(C)
P(BAC) = P(B) P(C)
3R P(ANBNC) = P(A) P(B) P(C)
Ife ST § 9 9 9 FH TH o 9d G T et @ dl & T west bl was
TE el S B

IEMETOT 10 ek U9 1 Teh O IVl ST &1 52 I8 T Y1 &A1 3 h1 96
2, H B ¥ 3 ‘U8 W U S 99§, 6 F 9 Frefua e s d aard @ s
E 3R F @5 87

ol B9 SA © o6 39 e 1 gfaeel wAfe 8 S={1,2,3,4,5, 6}

3 E=1{3,6)},F={2,4,6) 3R ENF={6)

2 1 301 1
Gl PE)= =3, PB)=c=- AN P(EN P=
T P(E N F) = P(E) . P(F)

31: E 3R F @a5 "t 2l

IETETUT 11 Tk FAMFd (unbiased) I® ohi T IR IS T AH & A 521 g8l
IO T Torom S ure B I B we et St W fawm wen ure g e
21 TeAet A 3R B % W@ &1 U0 St

Tt afe |efi 36 Hifers s w1 GHEsT " o dl

1

18 1 18
P(A)=—=— 3ik P(B)=—=—
M=35 23']ﬁT ®=3672
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Y &l P(A N B) =P (3 31 | fauq & g g
_ 9.1
36 4
3 P(A) . P(B) = it
22 4
pl=np P(A N B) =P(A) . P(B)

3: A SR B s e B
SEETOT 12 A9 Toaepl &1 St ™ 81 9 o B e A fad @ d9 92 9w g
3R F oA ‘=9 1 fod o g1 SR G oe ‘ stfushdn <1 92w i1 ki e
#W &1 g8 (E,F), (E,G) 3R (FG) W HhiA-H ¥ Tas €2 hiH-shid ¥ WiHa 8?2
' hieror w1 yidgeet gufe ® .

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Dl E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
3R G = {HHT, HTH, THH, HTT, THT, TTH, TTT}
Y & EnF={HHH}, ENG={TTT}, FnG={HHT, HTH, THH}
2 1 4 1 7
Zafay P(E)= ==—,P(F)=—=—,P(G) = —
(E) 5 2 () s G) 3

1 1
PENF) =2, PENG) =, P(FmG):%

1 1 1 1 7 7 1 7 7

WA PE) . PF) = X5 P(E)~P<G)=Zx§=§3ﬁw P(F)-P(G) = —x o=
Ad: P(E nF)=P(E) . P(F)
P(E N G) #P(E) . P(G)
3R P(F N G) # P(F) . P(G)

TafeTy w12 (B 3R F) Tordsl & Skt e (F 3R G) 391 (E 3R G) Tufsd 21

SaTEor 13 fag #ifse f 4t E iR w6y w2 € df E 3iRF +ff w6 il
T e Eda F@as 8, gafau
P(E N F) = P(E) . P(F) (D
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o5 13.3,% 91-3TR@ 9 98 W ¢ fF ENF3RE N F 1R 379es 3 31 919 &

E=ENFHUENF)
% ENF 3RE N F TER et ¢,
zafeTT P(E)=P(ENF)+PENF)
el P(ENF)=PE)-PENF)

=P(E) —-PE).PE) (HH (ENF’)

E

N

(E'NF)) S
yF

(ENF) (E'NF)

=P(E) [1 — P(F]
=P(E) . P(F")
31: E 3R F’ @65 "t 71

3TTeRf 13.3

| fomrit | 36t TR e vt 1w § AR

(a) B 9 F Toad @
(b) E @1 F a2l

SETET0T 14 A% A 3R B Wad 9eAE € df AT BH © JAqH Tk o € 1 Wik

=1- P(A") P(B)
T PAABH ¥ =AqH TH HT &) = P(A U B)

=P(A) + P(B) - P(A N B)
=P(A) + P(B) — P(A) P(B)
=P(A) + P(B) [1-P(A)]
=P(A) + P(B).P(A)
=1- P(A") + P(B) P(A")

=1-P(A) [1-P(B)]

=1- P(A) P (B")

| worae®t 13.2 ]

3

1. 3 PA) =5 P(B) =§3ﬁ'{AHﬂTBWWﬁ%ﬁ P (A N B) 3@ i)
2. 52 THl I U TSt H @ Agssdr for wfaeenfad faw o w feee Tw) S

Tl o hTed WT 1 81 i Wiehdl A1d it

3. 9 o Us fesd 1 Fleor 399 9 99 9au ol agesan foamr gfaeenfia feu
BU Feptet % fopan Stran 21 afg i Freprel 7T A o8 @ ot fesd =1 faat &
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11.

12.

13.
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foTq Tefiepa foran wmar @ e Sreiehd Y 24 €1 U fesa foed 15 W €
9 9 12 o3 9 3 TUE R €, o Tkl o foau wiehd g 1 WifdeRar o
HiferT|

ek =2 ToaeRT o U SIf4d U9 ! 9Tl T HE o A s faeeh ot fe
Yehe BT ©' 3R B WA U W §@A 3 e Bidl © ' ol TErd e o e
FIT fF Tt A 3K B w@ad © a1 T81?

T I8 W 1,2, 3 W 3R 4,5, 68 U1 9 for@ 7u 81 39 99 *i S8l
T A o A S e 99 7' R B HeA ‘ged o W 9§ foret @)
frefud @ 21 F A 3R B @as 27

UH o EQeNF 5 36 9K € o P(E) =%,P(F)=% a?ﬁP(EmF):éaa
FME de F@ad 292

A 3R B UHt el § T ¥ =t P(A)=%,P(AUB)=§HW P(B) = p.
p 1AM @ SIS A (i) F2AE TR vt 21 (i) el w@asl B
UM o A 3B ®@as w2l € 921 P(A) = 0.3 XP(B) = 0.4. a9

(i) P(ANB) (i) P (A U B)
(iii) P(AIB) (iv) P(BIA) [ =IfST
?fTTI'sCEE‘FWiAﬁTBQ'{:ﬁ%,GI%TP(A)=i,P(B):%Eﬂﬁ'{P(AmB)zéﬁﬁl

P(A-TEl 3R B-7&Y) Jd sifem)
mﬁAamBWmﬁ%ﬁtP(A):%aw P(B):%Eﬂﬁ'{ P (A-TEf 3R

B-7&Y) =i.w A 3R B @dd "o 77

A 3R B Tas WAl &t T € Wel P(A)=0.3, P(B) = 0.6d
(i) P(A 3R B) (i) P(A 3R B-&T)
(iii) P(A a1 B) (iv) P(A 3R BH =g ft 7€) &1 7= J@ i)

T U i q 9N IOl S|l € 9l HH U 6 Th o) foud §eq 9w e i
ElRET ISRl

T e U a9 o gfaeenfua few ferrell STt 21 e 10 el 3R 8
ot TS &t wifrehdr T I (i) <A TR oA B (1i) Te el U e ar
2l (iil) TH et qo THA a1 2
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14.

15.

16.

17.

18.

Tfora

ek ooy THE 1 A SR B g W@ds €9 W B FE I GTFHAT HH: %@ﬁi

%%lwﬁﬁ,wﬁmﬁ,wwmﬁwmm%aﬁqﬁwm
ifse R
() I9= & 8 9 @
(i) STH ¥ qed: HIE Th A B HL ol 2
AT o 52 T i Wk GEfs Tl W U o agesd fHehre s 21 fefatea
o 9 foprd gometi § e E @R F w@as 29
() E: “Fepren T uxn gH a1
F: “fepten T ae 3Rl @
(i) E: “Fepren a0 g el O 61 S
F: “Feptell T2 U1 U AEYE ©
(iii) E: “Freptenn 7= U= Tk SIEIME AT T AH ©
F: “feptent T2 U1 UH SH A TH qAH 2
T S T 60% Tereneff &t =1, 40% SfUsit =1 3R 20% H @R ed 2
Th OO0 1 AG=A I el 2
(a) WfeRaT S1d shifog for o 7 o &t ik = €1 il o1 3T@er vedl 2|
(b) % o8 &< 1 SFEaR Yl © df ek STUSH 1 SF@ER o ugd el B
I Wfahdr T Hifu)
(c) 9% =8 STUSH o1 SFEER Yl © df SHeh &t o1 @R off ugd el 8
I Wi T i)
IS UGl 1 Tk SIST SSTell Sl € dl Yeieh U W EH 19T WAl WK hid
1 ifehar fefafaa o 9§ =1 872

1 1
(A) 0 ®) 5 © 5 (D) 5
T HEE A R B ! WER Wdd FEd §, AR
(A) A 3R B TER s79est § (B) P(A’B’) = [1-P(A)][1-P(B)]

(C) P(A) = P(B) (D) P(A) + P(B) = 1
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13.5 S<7-UHT (Bayes' Theorem)

M eifoe R & 9 13RI 5T 7T €)1 e [H 2 9% 31 3 o1 71e 81 3R Sen
¥ 4 g% 3K 5 o 12 1 fohelt wh 9t o 9 U 7% Agesdn (ehrel Sl 21 8a

forell Wk St 1 T R Wi %aﬁaﬂm%mwmﬂﬁé(mﬁ%l)
o 9wk T T (A of gHg) g i feper 1 Wifdehar St 6 T Tehd €1 3
vl o g9 forelt fasio w1 &6 7% ferter &1 wiftehdr 9@ Y wWehd ®, 9% e g8 Tk
T B R g HiA-0 Oe 9 et T 21 oiferd 9o W 39 o 1 Wifdshar A e
Thd & T g fordt fagi Ot (A & Sen-11) 9 feprelt 7€ 2 =f 29 fepreft w8 g
1 W7 a1 22 F& 7H Jel-11 o Eﬁa{aﬁmﬂ(reverse)waﬁaﬂzﬁéﬁﬂﬁﬁ
Tk 9% e dTell T 1 86 M 1 Jig Toras < S 3 giaets Wik 9 w6
1 THS 1 GUHE GUids Wikl o STA R fRan €1 39k g S T g
‘SIS-THF’ o A © ST S S Skl oAl 1763 | WeRTRIG g ol Ss-guy
o HY 9 FA G g4 Y T IR IR e yRfge afomd W faem Sifs)

13.5.1 T gfaqsl @ufie &1 9T (Partition of a sample space)
e B, E, ... E, & W= &1 ufaest wAfe S & fawsm w1 frefu s € ok
(@) E,NE=0.i#j.ij=1,23..n
(b) EluE2 ..U E =S dad
(c) P(B)>0,9% i=1,2,..,n% fag
T R H, ¥ E, E,, ... E, Wfaey wAfe S fawem w fefra s € afk
9 THA: THH €, GHY B qU1 STh! Wil IEAW 2
SEE: €H @A € T 1§ FATE 3N SHH! Wb Al B wiaayl gHfe S @
faureH @ *ifF ENE =¢ @R EUE =S.
a-3m@ fot 13.3, 9 &9 ST | Yequl Y Tehd € o 4 E IR F fordt wferaet
gufte S, % | HE & el €, @ (ENFENF) 99599 E &1 T fa9eH 2l
q==d {E NFE,ENEENF)} 99=99 E U F & Th faueH € iR aq=ea
{(ENF,ENFEE NFEE NF} 97 gfieel S &1 u& fause 2
319 BH 9qUl Wkl &1 9HI & g 3

13.5.2 F'Q\'Uf UTfIekdar @t 98T (Theorem of Total Probability)

7 & (E,, E,,....E,} ¥fteel wAfe S, %1 & favs § ok W o & g
SeAE ,E, ,...E & Jifasar YR 21 °H affae A gfaesi wafe & 9

n
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AT 7, T4,
P(A) =P(E) P(AEE) + P(E) P(AIE) + ... + P(E) P(AIE, )

= Y P(E))P(A|E))
j=1

suufs fen 0 8 76 E,E,, ..., E, 9foee! wnfte S &1 wh fawrse @ (o 13.4) 3aferm,
S=E VUEU..UE ..(1)

3R EﬁE oOvVi#ji,j=1,2,.
%ﬁam%ﬁﬁﬂﬁmAasm

A=ANS

=AN(E UE,..E) i3

=(ANE)UANE)U.UANE)

WA HANE, SIRANE, F09: F9=a1 B, 3R E, % Suaq=a ¢ 5 i # j, % fog
wgaa%sqmut]z;_lz néﬁfwAmEaﬁIAmE off g 2|
gafeTT P(A) =P[(ANE)UANE)U...u(ANE)]

=PANE)+PAANE)+..+P(ANE)
S| P(A NE) =P(E) P(AIE) #if P (E) # 0Vi = 1,2,..., n

Wfaehal o TUH o gR &R Wd €
zafeT P(A) = P(E) P(AIE)) + P(E,)) P(AIE) + ... + P(E ) P(AIE)
El P(A) = ZP(E )P(A|E))

Wwwaﬁaﬁwﬁwhwaﬂéwmélwﬁﬁﬁu@w
0.65 T TATA 1 B w1 qef ggarel g4 &1 fefaai o famfor v o woargEr gof
B T WfFehard sHeT: 0.80 T 0.32 €1 Fafor % & guarer quf g1 %1 wifasa
M@ HifSu
o OH e fo i s o gHargER qof @R’ a5t T a6 A R Cesdd e’
%1 52 i B gR1 Frefuya feren St 21 &d P(A) 91 T 81 89 o € TR
P(B) = 0.65, P (8garel &) = P(B") =1 —P(B) = 1 — 0.65 = 0.35
P(A | B) = 0.32, P(A | B") = 0.80
Fifer sed B iR B’ Huftc gq==a o faurem € gafere gqof wfaskar woa g/
=P(B) . P(A | B) + P(B") P(A | B")
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=0.65%0.32+0.35%0.8

=0.208 + 0.28 = 0.488
a1d: Fafor & geaaR ot g 1 wifaskar 0.488 2l
376 TH I-UHT HT YHYH T a1 36 fag FH
SST-WA (Bayes' Theorem) afRE ,E, ..., E 3R AT © S foR ufaest wmfie S
o fawrs 1 fofo st § 1o E L E, ..., E, 790 3T6YH € 3R EUE,U ..., U
E, =S 3R AT Tt s ¢ fowet wiowa w2, o

P(E,)P(AIE))

P(EJA) = — Li= 1,2,3,...n
P(E;)P(AIE))
j=1
suuf &6 9@ €
P(ANE,)
P(E,)P(AIE))
=" PA) (fehar oF TUH FEm /)
P(E,)P(AIE,)

= (Tqut wiforerar o e @)

P(E;)P(AIE )
j=1

femuft S-999 o AT o frefafea sskeelt s SYE S
S E, E,, .. E &l IReReqAd (hypotheses )&8d &1
P(Ei)aﬁww E[_ﬁ ekt (a priori) IR hed 21 gufass gifrerar
P(EI.A)Elﬁ gyl Eiaﬁ IR (a posteriori ) yifehal wed

ST T T HRON T WAl 1 G off e S 21 it E, viaee wAfe S
% TH fauE w1 T F 2 sEiaT sest E W 9 uE 9vg T SR o
T € Hfed Bt 8 (STAAE, § W hae U € WA el ¢ 3R TH ¥ sfeep T we
Tehdl €) o7 ST § e FoRelt for B, (372iq s ROn) T Wikl Ja1 € Sk
A A W1 Sfed g fEan T R

a5-w9a ot fafay aRfeafaal o swifian 21 s @ &9 =1 frefatad sseen §
T fRa T R

Reprint 2025-26



436 TTfoTd

IETETOT 16 O [ 11 &y €1 9 [H 3 ol 3iR 4 sreft 1 € 59 for 9t 11
T 5 ol 3R 6 el S B fordt wh Ot W O e Uw 1% Freel 8 W R
oM T 1 81 3 91 i 1 Wifzehar € fh 7€ 1 91 11 9 fehrelt T8 @2
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